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0 Overview

0.1 Recap of classical Quantum Mechanics

e Observables: Operators on Hilbert-spaces
— also elements of an algebra a

— in general: [a,b] # 0 (for two operators ¢ and b)
e Spectra: Each observable a comes with a spectrum
spec(a) C R (0.1)
— Interpretation: Spectrum of an observable a are all possible values of a
e States: Give probability measure

s AP (0.2)

e In classical physics all this is true, but
dPW =q.dP (0.3)

where a is function in phase space and dP is probability measure on phase space

0.2 Symmetries in QM

Operations which leave probabilities invariant and respect time evolution are called
Symmetries.

e unitary or anti-unitary operators (see Wigner’s theorem)

Representations (up to phase) of a symmetry group

Consequences for spectra

Continuous symmetries <> Lie-algebra of conserved quantities
V(t) = et (0.4)

Operator V and k is element of a Lie-algebra

Rotational- / Isospin-symmetry



0.3 Propagators, path-integrals, scattering
e Propagators have the form of:

U(E, 7', t) = (@|U@) T

!

8y

e Can be written as path-integral

81

e Approximation: (Here sum over all different paths)

lZ> —?

0.4 QM with multiple particles

e Scattering: </Z‘U(—oo,oo)

e Tensor product
e Particle exchange as symmetry

e Identical particles

e Infinite many particles: Fock-space: FM) = e =CHhOh@h D ...

0.5 Relativistic QM
QM with lorentz-group as symmetry-group

e Representations of lorentz-groups

e Evolution equation for scalar particles:

2
m
Do = zv =0

(Klein-Gordon-equation)

(0.5)

(0.6)

(0.7)



e Evolution equation for massless spinors
"0, =0; o"Obr =0
(Veyl-equation)
e Evolution-equation for massive spinors
VO +mly =0
(Dirac-equation)

e Majorana fermions

(0.9)



1 QM Recap

1.1 Stochastics
Most statements of QM are about probabilities.

Probability space: Space P, probability measure dP
o [,dP=1

° fpgdeZOfoerO

Observables: (math.: random variables) Functions of fP — C
Examples:

e Fair dice: P ={1,2,3,4,5,6}
L8
[ran=53 1) (1.1)
P i=1

e Particle in a box: P = [0, L]®, uniform dP
/ fdp ! fd? (1.2)
= — €T .
P L3 [0,0)?
Expectation value: Probability space (P,dP), observable f
)= [ far (13
P

Distribution of observable: (P,dP) given, then (f(P), f(dP)) is a new probability
space

() sm) = / go fdP (1.4)

Covariance and other moments:

Cov(f,9) = (fg) = (f){9) (1.5)
Var(f) = Cov(f, f) (1.6)

Covariance measures failure of multiplicativity. Variance measures ,,spread” the distribu-
tion of higher moments

<fm> ) <(f_ <f>)m> ) m:3747"' (17)



Law of large numbers:
1, To,...: Independent identically distributed observables.
Let (x;) = e, then make new probability space:

1
T lim — (2 +x0+ -+ x,) (1.8)

n—oo N,

It hOldS that T =ce€ almOSt Sul‘ely (whatever that evs).
Important lesson: Expectation value = average of repeated measurements.

Remarks:

e For classical physics:
— P: Phase space
— dP: State of the system

e Random variables = observables — Can choose:

dP = f (po,p)dP (1.9)

for some pq

e Sometimes expectation values are probabilities

(xr) = /de = Prob (p € R) (1.10)

RCP
1.2 Hilbert spaces, operators

C
Vector spaces are {]R

Scalar product: (0,0) : vxv—TF

e (conjugate) symmetric: (z,y) = (z,y)

(z,
e Linearity: (x,y+ Az) = (z,y) + Az, 2)

e Positive definite: (x,z) >0, (z,z) =0=2=10
Norm: |[|v|| = \/(v,v)

CS-inequality: [{z,y)| < ||z[| - ||yl



Hilbert-space: [F-vector space, together with scalar product, complete in ||.||-top

Examples:

o LXR? d%) , (f.g) = [ flx)g(z) &z

square summable o _
o I*(C) = {Cases = ((en), (dn)) = D22y Crdly

o O, (z,y) = > 11 Tk

Hilbert spaces are classified by size of basis (aka. dimension). Same dimension evs
that the Hilbert-spaces are isomorphic (Here £? is isomorphic to [? but they are not
isomorphic to C™)

Orthogonal-basis: Basis {b;} with (b;,b;) = J;;

Bra-Ket: with v € H as |v) (,Ket®) linear form (linear map to [ for fixed w
v (w,v) (1.11)
denoted by (w| (,,Bra“) then
(w] (v) = (W[ (|v)) = (wlv) = (w,v) (1.12)

Direct sum: Given some index set I, [F-vector spaces V;, ¢ € I then
@vi = {(v;);c; [vi € V;, finitely many v; non-zero} (1.13)
iel

because F-vector spaces. For dim (V;) (oo , |I](cc holds

dim (@ m) => (V) (1.14)

)

If V; are Hilbert-spaces, @ becomes Hilbert space via

((va), (W) = Z(Unwim (1.15)

Example: C"@C™" =™

C1
C1 dl
C’Vl
- (1.16)
dy
Cn dm :
dm



Operators: Linear maps between vector (Hilbert-) spaces.

Examples:

e C"—-C™, f(x) =Mz, M e Mimxn,QC)

e Momentum operator

pkéai on H = L* (R®,d°z) (1.17)

10X,

Expectation values: Operators = observables in QM. For A operator on H , ¥ € H

_
Il

is interpreted exactly the same as expectation value in stochastics. Also

(A), (1, Av) (118)
Var, (A) = (A7), — (4)? (1.19)

interpreted as width of distribution of observable A.
First: Nuissance unbounded operators

Bounded (continuous) operator: A : H; — H, bounded.

< Jde>0 [JAv|a < ¢|v]|s Vv e H,y (1.20)
Abounded < Acontinuous (1.21)

For co-dim H; and H, all operators are bounded:

Surprising: For co-dim. H-spaces there are unbounded operators.

Problem: Unbounded operators can not be defined on entire H-space. Operator A, with
dom(A), the domain of A.

Example: 2 | py , i,k = 1,2,3 unbounded on £2(RR3,d3z)

Schwartz functions: S(IR?): smooth, decaying quicker than any polynomical, same
derivatives
— convenient dense domain for x?, p

10



Adjoint operator: Idea: (v, Aw) == (ATv, w).
More precisely: For A : H; — Hy , dom(A) C H; , dense

o dom(A") = {w € Hy|F2(w) € H1 : {(w, Av) = (z(w),v)Vv € dom(A)}
o AT = z(w)

Important cases:

o Af = A~l: Unitary operation
e dom(A"))dom(A) , Al ldom(ay = At Symmetric operation
o dom(A") = dom(A) : A" = A: Selfadjoint operation

Projectors: Given v, w € H, how to approximate w by v?

A € C such that ||[Av — w| = min — unique solution for A. P,(w) = Av is called
projection of w onto the subspace spanned by v

(v, w) 1
PU p— p—
(w) ol = Tl
N——

A

v} {v|w) (1.22)

Linear operation generalizes to projection onto subspace h C H:

v € h such that ||v — wl|| = min (1.23)

For {b;} ONB of h:

Py (o) =Y (bi,0)b; = Z 1b;) (b (1.24)

i

One finds:
By = 1bi) (bilby) (bs| = > |bi) (bi| = P (1.25)
3 )=
And also:
Pl =P, (1.26)

= P, is uniform.
Projections correspond to yes/no questions (,,proposition“). Sometimes useful: If {b — i}
is ONB for entire H, 1y = Py = >, |b;) (b;|. Can use this to write formally:

A =Ty ALy = [bi) (bl Albr) (bl = (bel Abi) [bi) (] (1.27)

11



Uncertainty relations: A, BonH , AT=A, B'=B,veH, ||[¢||=1

[(AB),, [* = [(A¢[BY) |* < (A%), (B%),
Re ((4B),) = % (AB + BA), == % A,B],
m ((4B),) = - {[4. B,
So (A7), (), > 1 (([4. BL,)? — (1A, B’ ) HUENE
Replace A A (A), , B> B— (B),

= Var(A)y - Var(B)y > Z| ([4, B]), &

1.3 Eigenvalues, eigenvectors, spectrum

Eigenvalue, eigenvector: A operation on H. If v € H, A € C solve
A = Ay
then A is called ,eigenvalue® and 1 is called ,eigenvector®.
o {ecigenvalues of A} =: spec,, (A)
o M= { € H|Ap =y}
Propertics: A operation on H , A eigenvalue of A, then
e A=AT=)NeR
e A=A1'=)eC

A2=A=re{0, 1}
A2=1= \{-1, +1}

A invertible = A~! eigenvalue of A™!

For A=At or A= A"1: Hy LHy for X # N
Assumption: A operator such that

H= P

A€specy,,(A)
then there is ONB of eigenvectors

A |)\7 2)\> =A ’)‘7 2)\>

A A) iy e {1,2,...,di
<>\,Z.)\|)\/,Z./)\,> = 5)\)\’} = Specpp( ) I { ) 4 lm(H)\)}

12
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Now rewrite expectation value

s ANy A(SMT&%,
(Y[A,
Z/\ |I¢||§ = > APV (1.38)
A A€spec,,,(A)
with
| (W[A
Z HwHQ)\ <P7-Lx>1/, (1.39)

then P, (A) is probability measure on spec,,(A4) with spec,,(A4) > 0.

D PN = <ZPH>\> = (In), =1 (1.40)
A A s
[Py, |
2
I
So after all it’s the stochastic expectation value.

(A), = > APV (1.42)

A€spec,,,(A)

— Py(\) >0 (1.41)

Get rid of assumption — generalize notion of spectrum.
Spectral calculus: For A fulfilling an (1.20) (whatever equ. this is...), f continuous
bounded on spec,,(A) define f(A) on H:

FAA) [N i) = FA) [Aix) (1.43)

Remark: (f(A)),, = >, F(A)Ps(A)

So functions of A behave like classical random variables on same probability space.

Spectrum:

res(A) = {A € C, (A — A1) has bounded inverse} (1.44)
spec(A) = C\res(A) (1.45)
Obviously spec,,(A) C spec(A4) but sometimes no equality!

Example: Position operator z* with k =1,2,3,...:
—— bounded for A € C /R, unbounded for A € R, so spec(z¥) = R.

13



Spectral theorem: (for self-adjoint, bounded operators)
For A s.a. bounded operator on H:

e measures du on R (concentrated on spec(A))

e unitary map U, N € N U oo:

N
U:H—PL (R, dw)
=1

N N
such that (UAU™) @i (\) = @D Mbi (V)
=1 i=1

Remarks:

o for spec(A) = spec,,(A): dui(A) = D cqpec(a) (A, @) dA
U |057 ia> = @jvzl 5j,ia 6)\,04

e zon L2(R,dz): U=1, N=1, du=dx
e pon L2(R,dx): U=F, N=1,dpy=dx

e 7F on L2(R*d37) : N = o0
For definiteness : k = 3,2% =t
Pick ONB {b;(z,%)} of £2(R?, dx dy)
=1 e LR dedydz) : ¢(x,y,2) = 2, (2, y)i(2)
with ¢;(2) [ dz dybi(z,y)¢(z,b, 2)
then Uy = @,2, ¥i(z) € @,L*(R, dz)

Spectral calculus: A — f(A), AN = f(N)i(N)
(UFAU) D i) = D FNwiN)

Expectation values: A as above, 1) € H
(f(A), = (UFAU™),,
- /SPQC(A) FO) AP,
with dP,(\) = 300, [90)” (V) e (M)

. : _ WP
Remark: Example (1) continued dPy(z) oz 4z
Control:

1
dPy(z) = Z W’bz‘)g?(]pﬁ) : <biw>z:2(]32) W(Z) dz

)

= WMoy () = (e </ de [ aulofe.y.2) dz)

14
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(1.49)

(1.50)

(1.51)

(1.52)



Theorem: For A = AT | B = B' with [A,B] = 0 there is unitary U
@D, L*(R, du;) such that

(VAU EBw@ =D Fawiy)
(UBU™! 69¢ ) =D M)

If [A, B] # 0, it is impossible to find such a decomposition.

1.4 Principles of Quantum theory

1. States: described by vectors in Hilbert-spaces.
Note: v € H and Av, A € € /{0} describe the same physical state!

2. Observables: represented by s.a. operators.

3. Predictions:

e Possible values of A in a measurement are given by spec(A)

(1.53)

(1.54)

(1.55)

e For a system in state 1, probability distributions of measurements by dP,(\)

4. Time evolution: Linear Map H — H , v — T'v. At least two cases:

e unitary time evolution:
Tv = Ul(t, to) with U(t, to)" = U7 (¢, to)
U is obtained a solution of

HOU(t, o) = ih%U(t,to) L Ultto) = 1

e (strong) measurement: Tv = Pv for some projector P:
For measuring ,A € M C spec(A)“

P = XM(A)

Note: More general description of measurements exist (,,weak measurement*)

15
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Remarks:

e Nontrivial part of (2.) is association

A

0 <« 0 (1.58)
~~~ ~~
classical quantum

,—": strictly speaking guessing
»<: well defined problem (,classical problem*)

e physical states are in 1-1 correspondence to rays

H O[] = { A e C©/{0}} (1.59)

1.5 Further tools

Relation between selfadjoint <+ unitary : For A = Af
can show from (26) :

(F(A)F = f(A 1.60
fi(A) - fo(A) = (fi- fo)(A 1.61)
Apply (31) to f(A) =e*4 | k€ R:
(e*4)F = eeka (1.62)
and (32) for fi=f, fo=f
e kAkA — 145,(A) = 1y (1.63)
So e**4 is unitary. For U, = e**4
Uy - U = Upsr and lim Uyy o) = Uyt (1.64)

Map R > k +— Uy unitary, Uy = 1 with (1.64): One parameter unitary group (1IPUG)

Stone’s theorem : Every 1PUG Uy is of the form
Uy = e (1.65)

for some s.a. operator A. Can find A by differentiating

1d

A is called generator of Uy

16



Examples

e Time independent Hamiltonian H

Ut =€ h (167)
is 1IPUG. Then:
.d
(1.69)

= U, = U(t,0) is the time evolution operator.
e Translation:
<T§w> (@) = (7 — 3) (1.70)
Then:
T5.Ts, = Tsus, - (T @) = (¥[T_52) (1.71)
So Ty is unitary group (3 separate 1PUG). Can also check continuity. Generator:

1d 1 da? 1 .
AT = D@ = ) (1.72)
Thus:
Ts = exp <_%§ ﬁ) (1.73)

Tensor product: For two vector spaces V and W: V @ W.
Consists of formal linear combinations

r = Z)\l(vl,wl) )\,L clF , Ui € V,wl eWw (174)

subject to rules:
o (v + vy, w) = (v1,w) + (vg,w)
o (v,w +wy) = (v,wy) + (v, ws)
o \Nv,w) = (Av,w) = (v, \w), \ € F
also write (v,w) = v @ w. If dimV, W < oc:
dim (V @ W) = dim(V) - dim(W) (1.75)

For basis {v;} of V' | {w;} of W then {v; ® wy} is basis of V @ W.
If V. W are Hilbert-spaces then we can make V ® W a Hilbert-space via

<’01 & w1|v2 & w2)® == <1}1|1)2>V . <w1|w2>W (176)

A operator on V

B operator on W } —A®@BonV@W by A® B(v®w) = (Av) ® (Bw) (1.77)

17



Example:

e System 1: {v;} ONB of V with Hyv; = Elv;
System 2: {w;} ONB of W with Hyw; = Ew;
Combine into one system

— non-interacting: H = H; ® 1y + 1y ® Ho Hamiltonian of combined system
— interacting: H = H; ® 1y + 1y ® Hy + H;

Hjp: interaction, Hy =), Ay ® By, - <Cou10mb ~ m>

e Two spinless particles (special case of above) (distinguishable)
H = L*(R? d°r) @ L*(R?, d*x) (1.78)
Useful fact:
L2(R™,d™z) ® L2(R™,d"x) ~ L2(R™", d™1"z) (1.79)

Therefore can describe the two particle systems by wave-functions
V¥, ¥y on R°. (Coulomb: ~ \lele)
So note: Interpretation of ,®*:
— Two systems with Hilbert-spaces V, W from joint system with states of com-
bined system in V' @ W.

— Mathematical & and ® work almost like the multiplication and addition of
numbers or functions with F, @ as neutral elements. (ex: V@ F =V)

e Electron with spin:

H = L*(R?,d°r) ® C? (1.80)
Note that
H="L(RY) e (Ca) (1.81)
= L*(R®) ® CaL*(R?) (1.82)
= L*(R®) ® L(R?) (1.83)

Therefore can describe the electron by 2-component wave function

(wl (f)) (1.84)

Y=\ (@)

1.6 Generalized states

Consider statistical mixture of quantum states

H > 1);, with probability p; (1.85)

18



Described by density operator (or density matm’x)
J

Indeed for {b;} an ONB, A an observable
(A), =tr(pA) = Z (b;| pA|b;) Zp] (1.87)
Must have >~ 2 ||\1/ TooT absolutely convergent, A bounded for it to make sence. Operators
of form [L.86] have
tr(p) = 1,p > 0 and spec(p) = spec,,(p). (1.88)
Vice versa, any operator satisfieng ((1.88) can be written as (|1.86)).

Time evolution:

p(t) = Ult,to)pU(t,to) " (1.89)
PpP
'(t) = 1.
P = i (190
Important special case:
p =g YN (1.91)
||‘If||

Then p is equivalent in all aspects to ¥ € H. Often one calls states of form (|1.91])

“pure” and of form (1.86)) “mixed”.

Figure 1: Sketch of pure and mixed states

However: For any p on H there is H' in which p has form (1.91]). Better Definition:
Consider:

X = €1p1 + copa wWith ¢1,¢0 > 0 and ¢ + ¢, =1 (1.92)

where p; and py are density matrices. Then y again is a density matrix. = space of
states S is a convex space. Now given y € S if dpy, po € Sdcy, co > 0 according to ((1.92))
the state is “mixed” else the state is “pure” in a fundamental distinction.

Slight generalization:

19



Definition 1.1. Given a C—Vectorspace A with a,b € A and A\ € C. A *-algebra has
1. Multiplication which is associative, and distributive: (Aa)b = A(ab)
2. Map *, s.t. 2 =Idy, (ab)* = b*a* and (\a)* = Aa*
Ezrample 1.1. Heisenberg algebra, generated by abstract objects x, p, 1 with:
[z,p| =il,z" =x,p"=p,1"=1, 1z =x and Ip=p

State on x-algebra: For A a x-algebra with unit, lineat map w : A — C with:

w(l) =1w(a") =w(a),w(a"a) > 0Va € A
Definition 1.2. A representation of A is a linear map 7 : A — H (Hilbert space) with
1. w(ab) = w(a)m(b)
2. m(a)x = m(a)T

Theorem 1.2. (GNS construction) Given a state w on an algebra A there is a represen-
tation 7, on H,, and a ¥, € H,, with w(a) = (7,(a))y,_

1.7 Coupling to the EM-field
A particle with charge q in external EM field E(Z, ), B(Z,t). Classically:

m = qB(,t) + L& x B(z,1)
c
For ||7 H << ¢ we get the Lagrange function
1 . Do
L= 5ma® + T34 — 4 (1.93)
c
. .. oA
with B=Vx A E=-Vbd— ——. (1.94)
ot c
And the gauge trafos:
1 1! 1T / A
A—-A=A+VAand ® - d' =P — — (1.95)
c

Change L only by LA(Z(t),t).

20



Canonical formulation

H=—(p—- Z/T)Q + q® (1.96)

Quantisation on £2(R3, d3z) via p= LY and i=7.

. . . ivee [pkin pkin] _ ihg Lz
Remark. o Kinematic momentum is non-commutative: [pi®, pfi] = 243" ¢, BY(Z)

e Aharonov-Bohm effect: Due to coupling to A interference effect although B=0in
region accessible to particle.

B+#0

Figure 2: Aharonov Bohm effect

e Gauge transformations: if one changes A one also needs to change

the wave function

/
HU = zha—\p s HU = m&\l!
ot ot

with A the generator of the gauge trafo

S\ 2 qA (T
H' = L (ﬁ— gA’) + q®" and V'(Z,t) = exp (Zq/xi;&)\ll(f, t) (1.97)

2m c c

Only the expectation values are gauge invariant quantities (ex. &, Piin)

Pauli equation

Charged particles with spin. This results in a magnetic moment

i=n~5= gig (1.98)

om
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Where 7 is the gyro magnetic ratio and g the g-factor. The energy in the magnetic field is
given as U = —%/IB and gives an additional term in H. Plugging this in the Schrdinger
equation yields

]_ . q - 2 q == . 8
— (g-2A) — ¢45B| U+ ¢dT = ihw. 1.99
2m [(p c ) 9 ] i ot (1.99)

This is also known as the Pauli equation. It will be shown that for an electron e~ one
must have g &~ 2 as a consequence of the Lorentz-invariance.

2 Symmetries in Quantum Mechanics

Consideration of symmetries are a powerful tool.
e Continuous symmetry <+ conservation laws
e Symmetries give degeneracies
e symmetries restrict (atomic) transitions
e way symmetries operate in QM connected to fundamental properties of matter

(spin, boson/fermions)

2.1 Symmetries and unitary representations

Consider properties to come to precise definition!

1. Symmetries are operators on (or changes of description of) physical systems, hence
in QM, symmetry g:

7s(g) : States — states, [v] = 75(g)([v]) = [V] (2.1)
75(g) : Obs. = obs., A — 7,(g)(A) = A’

2. Symmetries should leave predictions invariant!
(o] Ava)[* = [(v) [ Avg)[? for v] € ms(g)([vi]) (2.3)
3. Symmetries should respect time evolution:
o (9)(UAU; ) = Upmo (9) (AU, (2.4)

where Uy = U(t, o) is the time evolution operator.

4. Symmetries:

e can be concatenated: gi, g, are symmetries so is g1 g
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e can not destroy information, so they must be invertible, and inverse should
also be a symmetry

e trivial transition (do nothing) is a symmetry

If we make the (reasonable) assumption: concatenation of symmetries is associative, we
can summarize: Symmetries form a group

Definition 2.1. A representation of a group G on a space S is an assignment G > g —
7s(g), ms(g) : S — S with

5(9192)

Ts(g1) o ms(ge) = 7
71'5(1) =1Id

—~~
oo

Then:

Definition 2.2. Symmetry of a QM system (H, O, H) is a group G, with representations
on S and ¢ that leave H invariant.

Remark. o From ((2.5), f) follows
w(g") =7(9)”" (2.7)

e for a representation 7 : G — invertible lin. operator on V where V' : a vector space:
(2-5) = (2.6)

Ezample 2.1. Translation:
e group: G = (R?, +)

o ms()[W) = T3]

—

e one can also define: 7,(d)(A) = TSATgl

Then, because of T5Ty, = Ty, 5, g, 7, fulfill (2.5). Moreover, for H = % one can check

7,(8)(H) = H. Finally one can check that (2.3) is fulfilled. Translations are symmetries
of the free particle.

Definition 2.3. Unitary representation of a group is a representation where all 7(g) g €
(G are unitary operators.

Observation: 7 is unitary representation of G on H of (H, O, H), with w(g)Hr(g)™! =
H. Then get symmetry via

ms(g)[v] = [7(g)v] and 7,(g)(A) = m(g)Ar(g) ™" (2.8)
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Ezample 2.2. e Rotations: SO(3) = {M € M(3 x 3,R),det(M) = 1} Multiplica-
tion: Matrix mult. Representation of £?(R, d*z) via:

(x(R)T) (7) = W(R"'7) (2.9)
check (2.5):

Is it unitary?
(elr(Rw) = [ o

But: 42 = Ry with det(R) = 1 thus: (p|7(R)¥) = (7(R™")¢|¥), so

m(R)' = n(R") = n(R)™".
e Parity: Spatial reflections at origin
Pr=-17=-7% (2.10)
Together with 1 form a group called S,. Unitary action on £2(IR3, d®z) via
(PV)(Z) = ¥(-2) (2.11)

e Particle exchange: Our particle H-space H; = L3*(R?,d*x) N distinguishable
particles:

Hy =M, - ®H, (2.12)
| ———

N times

Sn : Group of permutations of N things. Unitary action on Hy
T(O)01 @ - ®UN = V(1) ® ** @ Uo(n) (2.13)

Definition 2.4. (7, H) representation of G, H; proper subspace!

1. H; C H invariant subspace < 7(G)H; C H,y

2. (H, ) irreducible :< P nontrivial (# @, # H) invariant subspace H; C H
Lemma 2.3. Complete reducibility: If we have

e unitary representation of G (7, H)

e H, C H invariant

o H =" ®H
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then Hi is invariant

Remark. irreducible unitary representations are the building blocks of general unitary
representations.

Ezample 2.4. o L2(R3, d%x) > ¥(Z) = ¥(|7]) such ¥ span a 1-dim. sub-rep of
rotation rep (2.9

e Totally (anti-)symmetric states in Hy (2.12)) gives two different sub-reps. of (Sy, )
([2.13)

e Hydrogen |nim) : H;, = span|n,l,m) :m € {—l,—1+1--- ,+I} gives 2] + 1 dim
subrep. more generally: for fixed j
g, mym € {=j,—j+1,---j}
T2, m)R%5(j + )15, m)
J3|j7 m> = hm|jv m)
form an irred. rep. of the rotation group SO(3).

Because 7(g)Hm(g)™' = H,w(g) leaves eigenspaces of H invariant.

Symmetries and eigenspaces:
(mH) rep of G assume:

e m(9)Hm(g7') = HVg e G

e H, C H eigenspan of H with eigenvalue A
Then for v € H,

So H; is invariant subspace. Two cases:
1. (m|n,,Hy) is irreducible: Symmetry explains degeneracies.
2. (7|3, , Ha) is reducible: accidental degeneracies

Ezample 2.5. Tut.: 3D H.O. Symmetric under rotations (O(3))
This symmetry does not explain degeneracy.
Accidental or larger symmetry group?
— U(3) symmetry induced from a; — >, Uija; , i € 1,2,3
for U € U(3)
Example 2.6. Isospin
Another example for postulating symmetries based on degeneracy. Proton and neutron
(4 anti-particles)
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® ~ same mass
e ~ same resonances
e ~ same strong interaction

Heisenberg + Wigner: Hamiltonian has isospin symmetry
Ground state is 2-fold degenerate, spanned by

1 1
=1 =W (I=5h==3) (2.16)
Can see with mesons, too:
7 ), 70 ) = 11,1), 11,001, -1) (2.17)

for isospin states |I, I3) analogous to |7, jo) of angular momentum. Assumption of inter-
action Hamiltonian symmetric under this symmetry leads to prediction (Tut.).
Gal-hamm: Even bigger symmetry?

<
A)

Figure 3: Isospin sketch

Multipletts correspond to irreducible representations of SU(3)
— (eventually) Quark model

2.2 Continuous symmetries

When symmetry group is smoothly parameterized, we speak of a continuous symmetry.

Ezxample 2.7. Group of translations (]R3, —i—) acting via 75 on L£?*(R?, d%z). Had seen:

1

Ty = e P (2.18)
If Ty give rise to a symmetry, must leave
H = e iPIHet g (2.19)
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Differentiate with respect to 6* at §=0: k =1,2,3

7 7
0= —ﬁpsz + ﬁHpk < [H, p (2.20)

So we have shown that p'is conserved. Holds more generally.

Principle 2.8. generators of continuous symmetries are conserved

— make this more precise:

Matriz-Lie-Group Subgroups of GL(n, F), that has smooth parametrization around 1,
i.e., 3map R™ D V + G such that:

9 (b tm) > gty t) €G (2.21)

e 1-1 map between V and neighbourhood ¢(V) of 1

e smooth
Remark. e [t follows that it has smooth parametrization everywhere
e m = dim(G)

\Rd q(+)
@/\ o
Lo
a(t)

\
(4

Figure 4: Lie-Group and Lie-Algebra

Each such group comes with a

Definition 2.5. Matrix-Lie-Algebra: Let
d

A=< —

{ dt

e is a R-vectorspace with basis {%h g(ty, - ty) ,i=1,2,-- -m}

g (a(t))

t=0

a(t) curve through V with g (a(0)) = ]1} (2.22)

e becomes an algebra with product given by commutator:

a,be A= [ab] € A (2.23)
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For h € G, g(a(t)) = g(t) curve as above: hg(t)h~! again curve through 1 and
0

o hg(t)h™' = hg(0)h™' € AVh € G (2.24)

t=0

Now I let A (t) be a curve in G, and h(h) = 1 then

a4
dt

RGO = [A(0), 3(0)] (2.25)

t=0

because ( using h(0) = 1 we get) 0 = L|,_oh(t)h(t)™ = h(0) + h=1(0). A is a vector
space. So

d

Sl Aw = 1im A - %g(o) € A with A(t) = h(t) §(0)h(t)"!

e—0 €

t=0

This algebra is called then Lie-Algebra of G.
The miracle: Can construct G from A up to global structure: For G' connected matrix
Lie Group

G={e"aec A} (2.26)
and then product of G is completely encoded in [.,.] on A:
e e’ =e with e = i ia” (2.27)
B B — n! '
and
1 1 .
c=a+b+ 5 [a, b] + D ([a, [a, b]] + [b, [b, a]]) + higher orders (2.28)

(Baker, Campbell, Hausdorff)

Definition 2.6. Representations of a (matrix) Lie-algebra A are maps 7 : A — linear
operators on V' with 7([a,b]) = [7(a), 7(b)]

For a connected G: rep. Il of G — rep 7 of A.
7(5(0) = S li-oT(g(1) (229)
For simply connected A we have <, too
II(e®) := e™@ with a € A (2.30)

Now we can make the principles more precise.
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Symmetries and conservation laws

Lie group A as symmetry group = m(A) is a commutator algebra of conserved quantities:
d
0= £|t:0H(e“t)HH(e*“t) =mn(a)tH — Hr(a)t = [7(a), H]

Remark. If T1 is unitary then 7 must be skew-adjoint 7(a)! = —(a). Physicists call the
self-adjoint —im(a) the generator.

2.3 Rotational symmetry SO(3)

Consider rotations around z:

cos(t) sin(t) 0
g(t) = | —sin(t) cos(t) 0] which is a curve through T3.3.
0 0 1
0O 1 0
With the Lie-algebra element (ag)q == (4(0))ap = [ =1 0 0 = €34. We can do this
0o 00/,
analogous for z and y and get (a;)q = €ap. With this we can calculate

lai, a;] = — Z €ijk Ak (2.31)

k

In the representation on wave functions:

d d cost —sint 0
(m(a3)V) (¥) = ahzo (m(g()V) (Z) = E‘t:O\IJ sint cost 0]
0 0 1

ov ov 1 1 .
- (a_> ek <a_) o= g (@l = atp) W= P L)

where L = Z X §is the angular momentum. In general we find

m(ay) = ﬁL’“. (2.32)
This is indeed a representation, as
7 1 ) m
(7 (ax), m(a;)] = 7 [LF, L] = ~ ZZﬁEksz = Z —€mT () = 7([ag, ar))

conforms to (2.31). Made use of the algebra of the angular momentum. The generators:

LF = Ew(ak) fulfill the well known (2.33)
i

[L* L] =ih) " eypm L™ (2.34)
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Remark. e The Lie algebra SO(3) is given y the span of a; with the commutator

(2.31) as product.

e The Casimir of SO(3): Let L* as in (2.32) for some rep. 7. We can form

*=3 "L then [LG,EQ} B

Thus eigenspaces of L? are invariant subspaces.

Irreducible representation of SO(3)

Theorem 2.9. Let (H,7) be a irred. rep. of SO(3), then there is a

N 1 3
j € ?(Z {07571757}) and ONB |j7m>7m€ {_ja_j+17 7]}
of H with L |j,m) = hm [j,m) and L”|j,m) = h*j(j + 1) |j,m)

Proof. e [2 must be proportional to 1, for 7 to be irreproducible.

o [2 positive
Together: L? = h*A(\ + 1) Iy with A € Rq

e [Ladder operators
Ly =L"+il?
As L3V = m¥, m € R, it follows that

L3L.U = h(m £ 1)U and || Lo 0| = h(j(j + 1) — m(m £ 1))|| @

e Where the positivity of “||-||” gives (2.35) and (2.36)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

[]

This is the classification of all irred. reps of SO(3). (Similar for a general Lie algebra)

Addition of angular momenta

For a general 7, also J* = 7 (ay). Given (m, M) rep. of SO(3):

1. Pick eigenstate |7, m) € H of J2 and J?

2. Hit it with ladder operators to obtain basis of sub-rep. (irreducible) (H;, 7|y;)

3. Repeat for H' = ?-[]L

30



With this obtain the decomposition:
H=Djen 2 (D1 H;) (2.40)

Now we do this for tensor products: (H ), 7x)) = H = @k Hwy:

Tt =3 Jag Ty =10 @ LJ3y @1® @1 (2.41)
k (k—1)-times

Since ®, @ are distributive, associative it suffices to consider:

Jiot = TV 4+ T = ]y @ 1+ 1 @.J, with J; == —ihm;,(@) on Hy (2.42)
H=H; @M, , Jp = ihm(a@) on Hjp (2.43)
Jr=J2 4L P = Jo1+1© .4 (2.44)

J® from representation of so(3):

[Jeore gt = [ ] @ 1+ 1@ [J3, J5) (2.45)
=ih eae (SR 1+ 1®.J5) (2.46)
= iR eaped (2.47)

This works the same way for any to representations of any Lie-algebra. Hence can
decompose H into irreducibles as in eq. (2.40]). Let:

[my,ma) = |j1,m1) ® |j2,m2) (2.48)
this is ONB of H. Look for another ONB |7, m) such that
(7Y [iom) = W35G+ 1) [fom) 5 j,m) = mhljm)  (249)
Observe:
thot ]ml,m2> = h(ml + m2) |m1, m2> (2.50)
Let:

e m(j): # of j-irreducibles as in eq (2.40))

e n/(m): degeneracy of J*%3 eigenvalue
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Then

= > k()

jzlml|
n'(m) —n'(m+1) (Z Z) (m)

Need to find n’(m). For this, consider eq (2.50)), make diagram:

1 for m € {j1 + jo,jn + o — 1,- -+, |71 — Jal}
n(m) = .
0 otherwise
Let:
J1+j2
Jl ®7_[32 = @ Hy,
k=|j1—j2|

To find Basis change, start with [m; = j;, ms = j2) and use J
so down to get j; + jo rep.

Remark. Useful formulars for ireps of so(3):

G )
1j,m) = [(2])(] m)!} (J)" 7, 5)

—_m) 2 ,
e
In the |j, m) basis, the J’s are give by matrices:

(Jg)mm, = (j,m|J3j,m) = hmb

() s = o] Jelgom’y = B/5(5 + 1) — mm! Gy s

This is the standard form of the j-irrep of SO(3)
Spherical harmonics: Consider £2(S5?,m df dy) = H, ONB given by

w0e) = (-1 \/ s

withl € Ng, m e {—I,—1l+1,--- 1} ONB means:

g 2w
(vrlur'y = [ a0 [ sin 000,008 (0.0 = G
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(2.51)

(2.52)

(2.53)

(2.54)

Jtot,Q and

(2.59)
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and they span H. In spherical coordinates, orbital angular momentum

i sin 0y + i cos pcot(6)0,

L=2p=h| coswdy— sinpcot(h)d, (2.61)
—10,
independet of r. Thus L acts on H, and one finds
LRy = R+ 1)o7, Loyt = mhp” (2.62)
recognize [-irreps of so(3). Use this often:
LR, &%) =~ L (Ry,r?dr) @ H (2.63)
then, natural to use basis functions
Fr)" (0, ¢) (2.64)
in probmes involving rotational symmetry.
Note: [ = %, %, ... are not allowed Spin: Intrinsic angular momentum of particles.
Electron has spin described by
~ h

on C?. (Pauli matrices &.
This is just the j = % irrep of eq ([2.40)). Consequently, state space of H-atom is

1
s:iﬁ,nlm:...} (2.66)

H = span {\nlm) ® B,s>

Similar for other elementary particles

e Bosons — integer j

e Fermions — half-integer j

No Fermions with j > % observed

Example 2.10. For addition of angular momentum:
e H-atom: |[nim) ® |3) = |m,s), different Basis: |jior, miot) : I @ 5 = (1+3) & (I — 3)

e Isospin: A-Quadruplett (AT, AT A% A7), nucleon duplett consisting of (p, m).
Hypothesis: Made of three I = 3 partices (,Quarks®).

Check:
1 1 1 1
IRI®=-=(1 — 2.
2®2®2 (@0)@2 (2.67)
3 1 1
—P-] - 2.68
2@2@2 ( )

Because of the Pauli-principle the second % disappears.
— A, N from (u, d) quarks.
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2.4 Spinj:n+%,nE]N0

Consider rotations around fixed axis. WLOG. z-axis. Generator ag in j-irep:

J 0
po| 71 ) (2.69)
0 —J
hence
II; = (Rw)ei“"J% = diag(eV?, Ube e mhe) (2.70)
This is strange, because for j =n + %, n € Ny
wli_)rglﬂ IL;(R,) = diag(e'™, '™, ..., e™) = —1y, # IL;(Ro) (2.71)

So II; defined this way is not a representation of SO(3). Only for ¢ — 47 would get 1

again. Look at special case j = %:

1 0\h 0 1\ h 0 —1
R L ) B

Notice j* = %ak with o* Pauli notation:

(0 (D) (0 -

Exponentials e/ " are unitary 2x2 matrices, belong to group

Definition 2.7. SO(2): Group of U € M (2 x 2,C)
Ut = U, det(U) = 1

k_ ik

In homework had seen: Group generators are 7 50
Thus
su(2) = {M e M(2x2,C),M" = —M, tr(M) =0}
Had seen:
[Tk,Tl] = ZEklme
Set 7% = —7%. Then: 7% are bases of su(2), too. and
[ 7] =D " —eram ™™ (2.74)

Compare with the relations among generators of SO(3)

[ak, al] = Z —€pima’™

k

Exactly the same. Same abstract Lie-algebra, same (irreducible) representation. Thus:
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e SO(3) and SU(2) are ,same near 1
e SO(3) and SU(2) differ “globally”

Relations SO(3) - SU(2)
Consider j = 1 representation of SU(2). Must be 3-dimensional:

I,y ((35%) = ¢"mi=1(7) (2.75)

Had already seen that Lie group G acts on its Lie algebra A via
7(g)b == gbg™! (2.76)
called adjoint representation. For SU(2): Note
det(m(g)b) = detdetg™'det(b) = det(b)
Identically R? with su(2) via
R*S 6 by i=0-7=» ofr
k

Then det(by) = 1|7]%. So (2-76) induces orthogonal transformation on R*. Can show: in
SO(3). Moreover:

e is a representation
o TI(SU(2)) = SO(3)
e is group-homomorphism

e Ilis2to 1: For g € SU(2), —g € SU(2)

m(=g)b = (=1)%gbg™" = 7(g)b
so g and —g are mapped at the same element in SO(3).

Finally:
11 (ﬁ) — 1, (ﬁ) = % (2.77)

Topological structure of SO(3),SU(3)

1. SO(3) : g = e¥i= Rotation around axis given by @ with angle |7
= SO(3)= 3d solid ball with opposite points identified on surface.
= 3 non-contractible loops, SO(3) not simply connected.

2. SU2):g=¢e"
= SU(2): Sphere S?
= SU(2) simply connected (no holes)

3. 2-1map SU(2) — SO(3)
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Back to representation
For SU(2)

11, (eﬁ'?) = i)
gives representation for any j. For SO(3)

11, (ed"?) = '@
give a rep for 7 € Np. Forj:n—i-%

IT; (e™9) 10, (e™7) = C(vy, vo)IL; (e™%e™7) (2.78)

with C(vy,v9) € {£1}
Definition 2.8. Map II with where C total values on unit circle is called a

projective prep.

2.5 General form of symmetries

Consider system (#H,0, H), symmetry group G. Let: H; = {v e H,|v|]|=1},p =
{[v],v e M}, [v] = {e"v, 0 € R}.

Definition 2.9.
l:Hy — p,v—[V] (2.79)

Symmetry group comes with rep. II,, which has (2.80))

| ([llfw]) | = [ (L, () [v][m,(9)[w]) |
Given g € G, is there an operator Uy, such that
loU,=1I,(g9) 0l (2.80)

Theorem 2.11 (Wigner’s theorem). For II,(g) with (2.80) there is always U, fullfilling
(2.80]), such that U, is either linear and unitary or anti-linear and anti-unitary.

Definition 2.10. e U with U(\v + w) = AUv + Uw is called anti-linear and with
additionally (Uv|Uw) = (w|v) anti-unitary

e Adjoint U' of anti-linear operator is given by (v|UTw) = (Uvjw) = (w|Uv)

Corollary 2.12. For symmetry group G, U, given by (2.80) and Wigner’s theorem:
Il: g — U, is a projective representation.
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loUyy U =1,(9¢) ol =1,(g9)m,(¢) ol _= I, (g)0loUy = loUUy

(12.80) (12.80 (12.80)

Thus T(g)7(¢ )V = U,Uy¥ = 999U, U = e )11(gg" )V with ¢(g,¢',¥) € R.
Actually does not depend on V:

09 TV (U 4 Wy) = U, Uy, + U,Uy Wy
— 6@'(15(979’7‘1’1)Ugg,\1;1 + 6i¢(979’7‘1’2)Ugg,\I/2
o eii¢(g,g’,‘1’1+‘1’2)(qjl +0,) = eTi(9,9', 1 U, + eiw(g’g”‘lfz)\%
& 0(9,9, W1+ Va) = 99,9, V1) = 8(g, 9, ¥2)

]

Remark. e So most general form of a symmetry is a unitary/anti-unitary projective
representation on H

e cxample for projective rep. as symmetrys: Rotations for j = n + %, n € Ny
e [f (G is simply connected, can choose phases ¢ =0

e For larger class of GG, projective rep. is equivalent to normal rep. of covering group

3 Time evolution, propagators, path integrals

Time evolution in QM ruled by Schrdinger equation

0
ihs U (t) = H(t)U() (3.1)

In this section, we will rewrite (3.1)) and it’s solutions in many different and usefull ways.

3.1 Review of basic motions

Definition 3.1 (Time evolution operator). For given initial conditions W(¢y) (3.1)) has
unique solution W(t) and hence we define map

Ult,to) : U(ty) — T(t) (3.2)
This map is linear and satisfies
Ulto,to) = 1 and U'(t,t0) = (U(t,to)) " and U(t,t,)U(t1, to) = U(t, to) (3.3)

. U(t, tp) is called “time evolution operator”.
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How to determine U(t,ty)? Plugging W (t) = U(t,to)¥(to) into (3.1)), for arbitrary
U(tg).

0
ihs- Ut to) = HOU 1, to) (3.4)

which, together with initial condition U(to,ty) = 1 defines U uniquely. For H(t) = H
time independent can integrate (3.4) easily to get

U(t, to) = e nH=t0),
For time dependent situation, two cases:
1. \V/tl,tg . [H(tl), H(tg)] =0

2. Tt ta: [H(t), H(t2)] # 0

For 1. solution is

.t
Ult,to) = exp | —— [ H(t)dt (3.5)
h Jy,
while for case 2. no simple solution exsts, but interesting series expansion: Integrating
(3.4) from tq to ¢
: t
Ut ty) = 1 —%/ A H(EU(E, to) (3.6)
to

Iterate (3.6]), to get Dyson series

U(t,to)zﬂ—%/t dt'H(t (——) /dtl/ dix H(t) H (t2)U (t2,t0) =

recurslon

_ 1+i <—%> /t dtl/tldtQ.--/tn_ldth(tl)---H(tn) (3.7)

Can write this in more compact form, using the time ordered product:

T(H(t1)--- H(tn)) = H(to)) H (o) - - H(to(n) (3.8)
with o € S,, (group of permutations of n objects) s. t. to1) > to2) > -+ 2> tom)

Using this we can write:

t t t t1 t to
/dtl/ dth(H(tl)H(tg)):/ dtl/ dtQH(tl)H(tg)—i—/ dtQ/ dt,H (t9)H ()
to to \to to P to to
()

~
(I) seeld

t t1
i / dt, / o H (1) H (1)
to to
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Figure 5: Times in the integrals

Similarly one gets for n integrals:

t t t t t1 tn—1
/dtl/ dtg---/ dtnT(H(tl)---H(tn)):n!/ dtl/ dtg---/ dt, H(ty) - - H(t,)
to to to to to to

And hence:

oo 1 Z n t t t
U(t,to):ILJer(—i—i) /du/ dtQ---/ dt, T(H(t,) -+ H(t,))

n=1 to to to

> 1 Z t " _irt / ’

Where we have extended T by linearity. Note that for [H(t), H(¢')] = 0V¢,¢' T is the
identity and (3.9)) colapses to (3.5]). Late we will use this for the case H = Hy+ V, where
Hy is simple and V' small. Then ({3.9) gives good approximation when truncated at finite
order.

(3.9)

Heisenberg picture

We can also consider operators to be time dependent, while the states stay constant:

(A)gy = (U(to)|U"(t, to) AU(t, o) ¥ (t0)) (Au(t))y (3.10)

:A;(t) U(tg)=T

Using (3.4]), we can calculate that %AH(t) = +[Hp(t), Ag(t)]. Note that for [H (t), H(t')] =
0Vt,t' one has

Hy(t) = e% I dt’H(t’)H(t)e—% Ji dUHE) _ H(t)
For an observable with explicit time dependece A(?):

() = 3. Auo)+ (54) @ (3.11)
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the Heisenberg equation in the Heisenberg picture.
Had already discussed the constants of motion:

d )
0= %AH(t) = [HH(t),AH(t>] + (a

A)H () =0« [H(t), A(t)] + %A ~0

Remark. Simplifies to just the commutators if A is not time dependent in the Schrdinger
picture.

Interaction picture

Useful if H(t) = Hy(t) + V(t) , where Hy is “trivial” (already known, like spectral
decomposition). Then

Uy (t) =Ug(t, o) ¥ (t)
where ih%Uo(t,to) =Hy(t)Up(t,to),Ul(to, to) = 1
i.e. Uy is the time evolution operator wrt. Hy. Time evolution:
Wy (t) = Ur(t, t5)V1(t5)
U; can be calculated to be
Ur(t,ty) = Up(to, )U(t, ty)Uo(ty, to) (3.12)

Remark. Implicit time dependence on !

To get a simple form for the expectation value

(A g = <W1(t)|yg(tato)A(t)Uo(tat02|‘1/1(75)> = (A1) g, @ (3.13)
— A1 (1)
Same calculation as the one giving (3.11]) from (3.10]) here yields
L at) = Lo, (1), 0] + (24) ) (3.14)
de Y Tt ot ), ‘
Crucial thing about the interaction picture:
d d
ih—U;(t,ty) = ih— (Uo(t, to) U (t, ty)Uo(th, to)) = Usl(to, t) (H — Ho) U(t, ) Uo(tg, to)
dt dt N
120)
= Up(to, )V (t)Up(t, tOZUo(to,t)U(t, to)Uo(to, to) = Vi(t)U(t, ;)
Vi (1)
So
d
ih—U;(t, ty) = Vi(t)Us(t, ty) and Uyp(ty, ty) = 1 (3.15)

dt
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L d
i Vi(t) = Vi(t) V() (3.16)

(3.15) and (3.16) structurally identical to (3.4) and (3.1). But now time evolution is
completely given in terms of V. In particular (3.15) is formally solved by ({3.9))

i [t / /
Unlt,tg) = T(e * 1 11)

=1 —%/tw(t’)dt’ +% (%)2/; /t/t dt1dta T(Vi(t1)Vi(ta)) + O(V?)

t

(3.17)

In case V' can be considered small, truncating (3.17)) gives systematic approximation.
Remark. 1. If |Ey), |Es) eigenstates of Hy

P(Eq,ty = By, ty) = | (Bo|U (ta, t1)| Ex) |?
= |(Ba| Up(ta, to)Ur(ta, t1)Up(to, t1) | E1) |
= [(Ba| Ur(ta, t1) | Ev))?

with (3.12)) which can be expanded using (3.17))

2. This procedure called “time dependent perturbation theory“.

3.2 Propagators

Consider particle in R®. In many situations, U(t,t,) is given by an integral kernel K:

(Ut 1)) () = /R K (11,2 V() (3.18)

Can understand K as matrix element of U:
Formally introduce eigenstates |Z) of & and the corresponding decomposition of 1

1 :/ A’ |7) (7
RS
Actually: |%) () = 6®)(F — &’). Then:

(Ut 1)) () = / & (2| Ut to) ) (/]0)
—_—— R3

(z|U(t,t0)[¥)
- [ @ Ut ) ol
So can identify:
K(t,z, to, 2) = (2| U(t, to) ) (3.19)
U(&) = (#)
OF) = (oo = kly) = [ ()

IRB
But: K may not be function. — Distribution.
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Composition property
Combining evolution operators
K(ta xz, t07 [EO) = <LU|U(t7 tl)U(tb to) |ZE’0>
_ /R (@ lU b)) (U, to) o) A, (3.20)

= K(taxatlv'rl)K(tlaxlvt()’xO) dgxl
IR3

Interpretation of K(t,x,to,zo): probability amplitude for particle to go from z( at time
to to x at time t. So

P(t(),l'o — t,l’) = ’K(t,x,t0,$0)|2

the probability for this process. Caviat: This might have unexpected properties. ((3.18|)
exposes quantum mechanical superposition principle with the possibility of interference.
Therefore K is called a propagator. Calculate K for 1d free particle.

using Fourier Transform:
Fi) @) = 00) = o= [ o) da
(F0) @)= \/LQ_W /}R R (k) dk

F transforms from representation in which x is diagonal to one in which p is indeed:

(3.21)

(Fpv) (k) = Rk (k) (3.22)
For

Ip) (k) = 8(k = 2) k) (3.23)
have

i) =a (5~ %) (3.24)

and can calculate momentum space propagator:

/ PP\ i
<p|U<t,to>|p>:5( . ) gL

and hence

1 ; !0
K(t, 2, to, m0) = o /R dk /R 3 dE e F =R (| U (¢, 1) [p) (3.25)
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L[ gpetbea i Bat-t)

- 27Th RS

This integral does not converge in standard sense. Can give meaning as distribution.
Replace:

i(t —tg) =4T with z =7 +4iT,7 >0
and consider limit 7 — 0. This kind of analytic continuation
T—T—ir (3.26)

to complex or even imaginary time is called a Wick-Rotation. Will study more systemat-
ically later. For 7 > 0, (3.25)) becomes convergent. We have, for Re(a) > 0:

/ dae™ 700" +br — \/Z—We*i”2 (3.27)
R3 a

In the current situation:

and hence:

K(z,z,2') = 2:}226’2’%(“””/)2

(3.28)

It is possible to take the limit 7 — 0:

_m
omih(t — )

K(t,a,t, ) = ¢ Ty (@) (3.29)
But: In case of convergence problems in (3.18)):
Treat as distribution, i.e. First 7 > 0, then do integral (3.18)), then lim, .

Free particle in R? in tensor product of three 1d particle. Hence:
2
m 3 . 0m = =2
KBt 72 7 = gy (@)
(t.2,¢,7) 2mih(t — t') ‘
Note the curios property of this propagator: The exponent can be written:
m (T —1)? .
t———— = =S [T 3.30

where S [Z(-)] is the action functional, i.e.:

S[E()] = /t 'L (t Z(t"), :‘z(t"))

with the L Langrange-function of the free particle. x¢ denotes the classical solution to
the equation of motion with boundary values z¢(t) = =, zc1(t') = 2’. Turns out: This
is true for all systems with quadratic Lagrangians. Reason for this is explained in the
following.
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3.3 The Feynman path integral
We will show that the propagator can be written as a path integral in a formal sense.
Kltotom) = [ Pla(let o0
P(t,]},to,:t())

Will show now: The propagator can be written as an integral over paths, at least in a
formal sense.
Consider

Time independent, so

only depends on T =t — ¢'. Will with
(z,U(L,t)]a") = (=|U(T)|2") = K(T,x,2')
Want to rewrite K (t,x,to,zo). Let N € N, and

t—t

‘T NF1

Then using ([3.20))
K(t,z, tg, o) = /dxl/dx2~'/deK(e,:c,xN)K(e, TN, xN_1) - K(€, 21, 30)
(3.31)

Can make € small by increasing N. So: find approximation for K (e, zy,xy_1) valid for
small e. To do that, from (3.12)) with ¢, = ¢,

U(e) = Uo(€)Ui(e)

Moreover
Ur(e) =T - exp (—% /OE V(x(t) dt’)
with
z(t) = Ul (aUp(tx = z + % !
Now:
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=1 — ﬁV(az)e + O(e%)

= e 1@ L O(e?)

Then, for small e:

K(E, N, xN_l) = <$N|U0(€)U[(E)’$N_1>
(en|Uo(e)e™ iV lay_1)
(

12

- xN|U0<€)|ZEN_1> @_%V(1N71)6

- 2:;71“1’ [Z% (% <w>2 - V(fvw—l))] (3.32)

Combining (3.31)) and ({3.32)
m daxy dan iv
K(t,z,to,z0) = \/ 5= . [ ——en 3.33
(t, 2, t0, 7o) 2mh6/ w/2mh% «/27?271%6 ( )

33 (5 (=) - veee)

with

n=1

where we have set xy.1 = 2. ¢ is the Riemann-sum approximation of the action of the
particle:

¢ 1
lim X% :/ dt’ (—mx’2 - V(x)) = S[z(")]
N—o00 to 2

would hold for xy = x(ne) where z(t) is a smooth path. Try to take limit N — oo every
where. Have to integrate over positions of the particle at each and all times, i.e. over
paths z(t). This is the idea of a path integral (Feynman):

X xr
A xl A
x/ : T
N — o0
e
"IN TN
.
>t >t

Figure 6: Idea of a path integral
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dxq dan
S aw

where the measure D is something like

Thus we can write:

K (a1, 70, to) = / Dlie(-)]e S0 (3.34)

P(t,x,to,x0)

where the space P of path to be integrated over consists of paths z(t) with x(ty) =
xg, z(t) = x.

Remark. 1. Up to now, there is no way to make (3.34)) literally true for interesting
systems, in a well defined math conntext.

2. (3.34) tremendously important source of correct results

3. Can make “relatives” of (3.34)) well defined
Ezxample 3.1. Euclidean path integral — later.

Path integral and classical limit

S changes rapidly if z(-) is varied, — interference effects that can enhance or decrease
amplitude. Consider

(-) = wo(-) + eh(")

Taylor expand in e.

Slr() = Slzo()] +e | Sl=()] +O(€) (3.35)
e=0
(%)
For suitable S, (x) will have form:
di Slx(4)] = /F(wo(t”),ab(t”),t" )R dt” (3.36)
€ e=0
Then one calls S differentiable, and
oS
(51’() zo(+)
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In the path integral, contribution from

mh
P, )t — 1)

h(t”), h(t”)+

cancel each other, making contributions from the neighbourhood of xy not contribute to
the path integral. More precise argument can be given (“Riemann-Lebesgue-Lemma”).Shows:
decaying stronger than polynomial in A. These arguments break down if

F(t”,---): @

i 0. (3.37)

Then S[zo] and the quadratic order € [ [ h(t')h(t") G(--) dt'dt" give non-
——

= /65 77
Sz Sz
e )=o)

vanishing contributions. In fact (3.37)) are the Euler-Lagrange-equations of classical
mechanics!
So the main contribution come from classical parts.

K(t, z, to, il?o) = / D(x(~))€is[l]/h — Z eiS[zcz(J]/thCl <t7 z, t/, :C/)
P(t x to,xo) K
expand S to second order ¢y (-)
(3.38)
where
o Slza(1)] = j; [zei (), Ty ('), t']dt’ where x(-) solves the EOM, x¢(ty) =

xg and x(;l (t)==x

e B is the “Gaussian integral” from the second order term in the action, for quadratic
Lagrangians: B only depends on t,t" — see (3.29))

/D[h]ezez I hh‘ss/éméz/ﬁ

Quantum mechanical interference

Can be discussed using the path integral: Consider double slit experiment:
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L

Figure 7: Double slit experiment

for small y (3.38) gives

K~ ( eiEA | e AL ) o cos Lmyd) _ cos 7T—aly
— T 2 hAt AL (3.39)
from z2(-)  from za(-)
where we have introduced the de Broglie wavelength A = % = %. This will result in a

interference pattern with fringes at y,, = £2£ (n + 1) (more dertails in the HW).

[k

T
AL
2d

Figure 8: Sinc-function

3.4 Perturbation theory with Feynman diagrams

Perturbation treatment of H = Hy + V,

2 2 k
_ P Y e 2\
Hy = o + 5 % and V =\ 1 (3.40)

22 term is included in Hj so that it has a unique state. Goal: Perturbatively calculate
time ordered n-point functions

Tt e, t) = (QT(Xg(t) X5 (t2) - Xar(£0))|9) (3.41)
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with |Q2) the ground state of H. This means expressions [€2) by |0) (ground state of Hy)
and Xy (t) by X;(t) order by order in A\: Remember for HO:

Xu(t) = X (t) = \/%% (ae™ ™" + ale™) (3.42)

with [a, aT} = 1 annihilation and creation operator of HO, i.e.
al0) =0 (3.43)
Theorem 3.2 (Magic formula of Gell-Mann and Low). Consider

e MIT10) = ¢ MTIONQ [0) + Y e T [n)n] |0) (3.44)

n>0

with |n) the higher energy eigenstates of H, so that Ey < E,Vn. Thus

—/AT | Ur(to,—T) [0
Q) = lim </ 0 _ im _YI( 0. —1)|0)
T—oo(1—ie) €~ /0T (Q)0)  T—oo(1—ic) e~ /rFo(T+10) (Q]0)

where we have set the zero point of energy such that Hy|0) = 0, and used:
e—i/hH(T-‘rt()) — e—i/hH(t()—(—T))6—i/hH()(—T—to)ei/hHo(—T—t()) — Ul(t07 _T)e’i/h(—T—to)Ho.
Similarly:

. . <0| UI(T7 tO)
(el = Tﬁclél(lllfie) e~ /rEo(T=t0) (0|2)

Note that this implies:

_ o O] U(T,~-T)|0)
1= {0)0) = TH})})I(Illfie) e~ 2/mET | (0]Q) |2

Expressing Xy (t) by X;(¢):

Xu(t) = Ut(t,t0) XU(t, to) = U'(t, to)Un(t, to) X1 (YU (¢, to)U (1, to) Uj(t, t0) X1 (t)Us (£, to)

N,

Hence for t; >ty > ---t, >ty
T(Xu(t) - Xu(tn) = Ul (tr, to) Xr(t)Us(t1, t2) X1 (ta) - - Ur(tp—1, ta) X1 (tn) Ur(tn, to)
Putting everything together we get

T(ty, - t,) = lim (O] Ur(T', t0) X (t1)Us (t1, £2) Xy (t2) - - - Xy (tn)Us (tn, =T) |0)
b " T—o0(1—ie) <O|UI(T’ _T)‘())
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Since T" becomes larger and —7" smaller than any ¢;, we can write

e OTCOW
T(t, - 1)1 Tﬁlolle O[T(---)o)

can drop requirement t; > to---! Now we can collect all U; in the numerator, because
time-ordering takes care:

(ti, o) = i <0|T(Xl<t1)"'X[(tn)exp[_%fTTVI(t/)dt/})’0>
) n T—o0(1—ie) (0!T(exp [—% fTT Vl(t,)dt’} )‘O>

(3.45)

The “magic” formula of Gell-Mann and Low. Remains to expand RHS of (3.45|) in orders
of A\. Important information about HO expectation values:

Theorem 3.3 (Wick’s theorem (for the HO)). For m = n + k vertices, where k are
internal (A\* order) and n external (n-point function) vertices.

0 if m is odd
(O] T(Xr(t1) - X1(tm)) |0) = > [T (O] T(X;(ty) X (t,,))]0)  (3.46)

partitions of n into pairs
unordered pairs {(p1,p2)}

Ezample 3.4.
(07 (X (1) X1 (2)X1(3)X1(4))0)

= (OIT(X1()X1(2))[0) OT(X:(3) X1 (4))]0) -
+ (0]T(X,(1)X1(3))[0) (0[T(X1(2)X(4))]0)
+ (0]7(X7(1)X;(4))[0) (O[T(X1(2)X1(3))]0)
Which will be proofed later.
The sole building block of this is the Feynman propagator
To(t1,t2) = (O]T'(X; (1) X1 (22))[0) -
Using previous equations (WLOG t; > t5)
o L h —iwty T iwts _—iw(ti—t2) L h
To(t1,t2) = 0 (0]cve a'e2|0) = e S0

= e wltimtal 7 ot necessary to have t; > t,
2wm

Application of Wick’s theorem can be visualized by diagrams: Feynman diagrams. Each
line is a Feynman propagator 7

1 31 3 1 3
= + +
2 4 2 4
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Numerator of (3.45)). For definitenes: K =4 in (3.40), n = 2 in (3.45))

X = (0] (X1 (1) X (£2) exp {—% /T %dt}) 10)

= (0| T( X (t1) X (t2)

<1L+ (—;—Z) /(Xf(t))4dt+% (—%)2/(Xl(t))“(X[(t’))A‘dtdt’ + - > |0)

IA
= m(tst) — 1 [ Ot Xr02) (Xa(0) 0} 4
) T
= To(tl,tg) - 3—To(t1,t2) dtTo(t,t)T(t,t)
hAl L
ix [T
— 12— dtTU(tl, t)T(t, tg)T(t, t) + -
hal ) .

1 1
1 2+§1 2% +§1 @ 2 ..

Prefactors §(2*2[one 2 per loop] * 2[switch loops]), 3 (one loop) result from absorbing
some of the numerical prefactors into the diagram.

Feynman rules

Diagram name analytic expression
t t
! 2 propagator To(t, t')
t . ix T
internal vertex - f_T dt
Symmmetries in diagram divide by symmetry factor

(example see above)

To calculate the X:

(3.48)

X — Sum over all possible (internal vertices must
~ \ be 4-valent) diagrams with 2 external vertices

Remark. Two different types of diagrams:

e without “vacuum bubbles”: 1._2 or M
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1 2

/
e with “vacuum bubbles”: o % % or D?d@

Where a “vacuum bubble” is a component (sub-)diagram without external legs.

Combinatorics gives:

Zall possible Feynman dia- _ (Z all diagrams without) e Zall vacuum
grams with n external legs vacuum bubbles P bubble diags.

J/

—(%)
(3.49)

where multiplication is the union of diagrams.

Example 3.5. 1. HQ . = 1.—.2 8

| X @@QO R

J/

(a)

o[ R0OQ 4§ @

Furthermore: Denominator in (3.45)

(0|T (exp {—% /Z —A(Xift))4dt} )|0) = exp (Z zﬂb&:uum> (3.50)

(One can proof this, see reference) Thus we finally find

B . all possible (“connected”) Feynman diagrams
Tt tn) = Tali%lﬁie) <Z with n ext. legs without vacuum bubbles (3.51)

Remark. e many terms subsumed under a single diagram
e No guaranty that power series in A converges

e No guaranty that the integral for a single Feynman diagram converges (— Problem
of renormalisation in QFT)

e Standard pertubation approach in QFT — Scattering amplitudes
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Feynman rules in general cases

For general k, rule for internal vertices
—ix [T
: & — dt
k legs 1 7 /
More generally, V =", Ak"’fk—f gives different types off internal vertices:

—IA T
k legs: AR / dt

-7

Finally, we would have H = H" @ H{" @ --- @ H{" + V with harmonic oscillators

Héi),i e{l,---,l}and V =\ H§:1 (xiﬁ),)k Then Feynman rules become:

Diagram analytic expression

t]- (l) t2 TéZ) (t t/)

i T
k legs | (3] — 2 [T dt

Often different lines for different Feynman propagators

t1 (1) ty o t1 to
tl (2) t2 <~ tolfvvvvv\/\tAZ

In QFT this would correspond to different particle species.

4 Scattering Theory

Theoretical description of scattering experiment:
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detector
source

Figure 9: Scattering apparatus

Main assumption

Interaction between particles and target falls off fast, such that particles are approximately
free away from vicinity of the target.

Main goal

Calculation of scattering cross section: Consider a particle bunch B scattering off of
target bunch A with velocity v:

la PA

Figure 10: Scattering apparatus

There is a cross section area Ac common to both bunches, then:

N

= 4.1
7 palapplpAc (4.1)

the scattering cross section, where N is the number of observed scattering events.
Scattering events are usually selected according to parameters, i.e. energy, particle-
content, scattering angle, --- — ¢ becomes dependent on the selection of parameters.
Most important for QM: angular selection: o = o(2), where 2 is the solid angle (area
on the unit sphere).
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Figure 11: Solid angle on the unit sphere

Then 92() the differential cross section in direction of & (unit vector) is also relevant.

Remark. o has units of an area. We can indeed imagine every particle of A as a scattering
area o of bunch B:

N = NAO'pBlB,NA = pAlAAC’ (42)

In principle: scattering of wave packets:

Figure 12: Scattering of a wave packet (before — during — after)

It turns out, that we can analyse the situation for wave packets by considering the
stationary case (wave packet — plane wave). We will find a solution to the Schrodinger

ikr
- kT N
UH(T) = ™ + fi.() . (4.3)
with & = #/jz,r = |r]. We will calculate the scattering amplitude fi(Z) in various
approximations. The differential cross section will be given by
d
(@) = [A@)P (4.4)
4.1 S-matrix, scattering amplitudes
Consider H = Hy+V, Hy = % with short range potential V', such that
lim |Z||V(Z)] =0 (4.5)
|Z| =00
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Remark. This excludes the Coulomb potential, but it is possible to treat the Coulomb
potential with a similar formalism (see tutorial).

We can expand the wave function in terms of eigenbasis of H,

E> (7) = (273)3/2 it (4.6)
with
(|F) = o5 - 0. 1 [£) = 22 5 = gy [£).

We now consider a wave packet in the interaction picture:
Ut 7) / Ot B)|F) @)k

Remark. Ci(l;) = limy_, 1 C(t, E) is well defined because ¥; becomes constant in ¢ for
large/small ¢ (U} evolves with V7, which becomes negligible far away from the target).
All information about scattering is in the map C_ — C. In fact:

SOk, F) = <E‘s

E> S =Texp (/Oo dtVI(t)), (4.7)

—00

where S as well as the matrix elements S(k, k') are called S-matriz (scattering matrix) .

We now set the reference time ¢ty = 0, and interpret the |k) as Schrdinger states at

t=0,
. . i imey il oy e )
S(k, k)= lim <k ehHote= FH(=t) o= Hot k> - )<k k> (4.8)
t—ro0,t’ ——o00
. — (i) . / ’ —
with ‘k> — lim U(O,t)Uo(t,O)‘k> (4.9)
t'—+o0

-\ (+) -\ (=)
Interpretation: ’k> was a plane wave in the distant past, while ’k> will be a plane

wave in the distant future. The operators involved in (4.9)

Q) = lim U(0,t\Uy(t,0) (4.10)

t'—=+o0
are called Moeller operators (Wave operators) and have a remarkable property
O Hy = HQP (4.11)
since S = (Q(’))T Q) (4.12)
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it follows that [S, Hy] = 0. That means S(E, E’) x (5(/;, E’), and we parametrize

Sk, k) = <1§;’

F) = 2mid( Eg — Eg) T (K. F) (4.13)
W—/
=Eo (k")

First term o wave going through without scattering, while we still have to calculate the
second one.

4.2 Lippman-Schwinger equation

At first we need some technology

Advanced and retarded propagators
GO (1) = q:%@(it)U(t) = U(t,0)

X ! (4.14)
Gy (1) = F5O(=0)Uo(1)

the reatarded (+) and advanced (—) full and free (0) propagators Greens functions of
the Schrdinger equation:

(ih% - H) GE(t) = 6(1)

(m% - HO) GE(t) = 6(t)

Need F-transforms of these

G (B) = / atet PG (1

Integral will not be convergent in general. Define this (distribution!) by adding a small
imaginary part to the energy

+ Lo o i(Bxiot ()
Gioy(E) = lim | dber®™=9"Gig) (1)

—00

Example 4.1. Carry out the integration

(A Sl 1
GH(E)= lim —— dter Erie=Ho)t — Jjyy — — 4.15
(0)( ) G_lgl /O e e—1>I(I)1+ E — Hy + e ( )
1
G, (F)=Ilm ———— 4.16
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Will also need G(()+) in position representation. In k-rep. we have

(Fla”

from this we get for € > 0

— 1 — —
B)FY) = lim ———5(k— ¥
IF) gy AU

1 1 (=
(+) E.72—7) = 3k' tk(Z—2")
GEE. = 7) = EG BN = [ e

Use spherical coordinates to carry out 6, ¢ integrals for € > 0

ke”“"”‘
GS(E /
o (B 7) (2m)2i|Z| E—Ep+ie

Interpret as contour integral in the complex k-plane. Closing the contour in the upper
half plane, use of the theorem of residues yield

m ekl

(+) E- )= —— - 4.1
Go (B @) = =57 H (4.17)
First thing to note
h [ d >
0 = / - |:G<+)(—t)Ug(t):| dt:/ G (—=t)(H — Ho)Up(t)dt + 1
o0 (4.18)

=1 +/ GT(t)VUy(—t)dt

Now we apply this to ‘E>

Qt |F) = lim <1+;v) ) :lim;_e (Bg— H+V +ie) |F)

e—0 Er — H +ie —0 By — H +1
1€ -
—lim —————|F) 4.19
50 B — H + ic (4.19)
Finally we get
. Ep—H+ie_ ., |» -
iy FE et ) = [F) and henee

@ 27 [F) =) + iy v [F) -

E> +GHEVQT ‘E> (4.20)

the Lippmann-Schwinger equation. We can iterate

— — — 2 —
k>+:€1£%1+ (‘k>+ﬁv(k>+[ﬁv} ‘k:>+> (4.21)
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Remark. e Heuristic interpretation: 0x scattering +1x scattering + - - -

e Perturbation treatment: cut off after finitely many terms

Also
B =)+,

where ‘E> is the scattered contribution. Plugging (4.17)) in (4.20)

SC

ik|Z—a|

R 1 o
k’> (f): ik® m de/e

_ V 7
Q7" T 2nh2 7z @)

4.3 Scattering amplitude and scattering cross section

Since V(%) is short range, we can approximate:
|7 -2 ~r—3d, 2=

in (4.22)) for points & for array from target.

N+ . 1 iz 1 . eikr .
’f> @)~ g T anm /i@
where
. V2mm ki N, 2mm /- | |-\ T
fz(@) = — /d3x/e REEV () k’> (@) = — 2 <k:' V‘k>

with &' = |k|. f7(2) is called the scattering amplitude.

Connection to the scattering cross-section
QM-probability current:

. h o .

Fullfills the continuity equation
p+Vj=0with p=TT

A plane wave has

29
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For the scattered wave ‘/;> , we find

sc

R Jse TS do  JeXr°T 12
( 7TaQ)_ = and —= = N|f_’('x)|
|7l a5 '
Figure 13: Angle
Born approximation
We iterate only once
o @r)Pm o 2n)?m 1 - - -
fr(@) = - B2 <k/ V‘k> T2 (27T>3/2V(kl k)
For V(%) = V(|7])
2 o0
fx(0) = _hTTZ dr'r'V (') sin(gr’)
0

with ¢ = 2k Sin(g)

T 1 —i§EY (2
V(K — k)= n)i /d%e TV (Z)

- (25)2(1/0 dr'r'sin(qr')V (r")
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1 o] ™ 2 )
= dr’ do dor’ sin(6)e " cos(G)V
(2%)3/2/0 r /0 /0 r' sin(f)e (

-
/

)

(4.25)

(4.26)



with ¢ = [q], ¢ = k' — k can be interpreted as the momentum exchanged in the scattering
process.

Sy o — 0
¢ =k 4+ K? = 2|k||K|cos(0) = - - - = 4k* sin2(§)
Then we have
2 o0
Fu(0) = —hTm dr'r’ sin(gr')V (') (4.27)
qJo

Partial wave decomposition

Usfull for V(Z) = V(|Z]). Then [E, H ] — 0 and we can decompose into L-eigenfunctions.

E>+ @ =33 g ()0, ¢)

=0 m=—1

For k+ = ke, only m = 0 contributes, so we get

/;’> = Uulr) b cos(6)) (4.28)

r
=0

o\ +
From (4.11]): ‘k> eigenstate of H with eigenvalue Ej. Plugging in (4.28) into the
Schrdinger eq.

uj(r) + (K = Vi(r)) = 0
_ 2m hl(l+1)

Equations decouple, typically solve only for low [. In particular, [ = 0: “S-wave
scattering”.
Scattering phases

Connection between fi(0) and Uy (r). We expand

i\ + 1 s 1 et
k’> )~ ik Y S
D= Gt T enr o

in Legendre polynomials.

= (2 + 1) fu(l) Pi(cos(0))

=0
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Moreover

o

etk — ikr cos(6) Z i'(20 + 1)5,(kr) P(cos(6)) (4.30)
1=0

with 7;(-) a spherical Bessel function. For large :
jl(/ﬂ“) I~ (ei(krfl%) _ e*i(’”*l%)) /(Qikr)

and hence

At B 1 > Pl(COS(Q)) ' etkr e—i(kr—ml)
k> O Gy ;(21+1)T (L+2ikfil) ————|  (431)
N =Sk (1)

Effects of scattering all in outgoing wave. We can show by sonsidering the probability

IR
current j(Z) corresponding to ‘k:> (%), that |Sk(l)| = 1. Define scattering phase shift
ou(k)

S (1) = ) (4.32)
It follows that
e01(k) sin (6, (k
fill) = a ()
and
1 o
= > (21 + 1)e® sin((k)) Pi(cos(6)) (4.33)
1=0
For small 0;: fi(l) =~ fl is small. For ; ~ § : fi & ¢ — Resonances. Formula for 4 9 in

terms of d;’s not partlcularly enhghtemng. But
Tiot = /—dQ Z o, with o, = k2 (21 + 1) sin?(%;) (4.34)

shows independence of partial waves. Also

<4 5 (20+1) !
o 12 O(Ek

To calculate the phase shifts, we solve . Far away from 0:
+
B~ o Z Au(r) P(cos(6)

— Ykl
3

A (r) ~ ' (20 4 1) (cos(6)j;(kr) — sin(6;)ng (kr)) (4.35)

with n;(-) a Hankel function. Match continuously (1), differentiable (2) to solution of
(4.29) with ukl|T:0 = 0. This yields 3 equations for 3 unknowns. 2 initial conditions for
up(+) and the 6, = §; is determined.

62



S-matrix and optical theorem
We can obtain fi(#) directly from the S-matrix: First:
OF k) = (1+ GH(EL)V) [k)
Then
(GH(E) - G~ (E)) QD |k) = —27id(E — E})
Finally
Okl = kI V (GH(B) - G () +7 (k]

And using this and the definitions of S(k, k')

Sk, k) =@ (k — k') + 2mid(By_p, ) oo
From unitarity of S

S

s'fe)

53(}%’_ E/) _ /dgk” <E/ k‘,’,> <E//
and (4.23]) and (4.38]) we obtain the optical theorem

47

Otot = ?Im(fkw =0))

5 Identical Particles

5.1 Introduction

(4.36)

(4.37)

(4.38)

(4.39)

Elementary particles of same species: experimentally indistinguishable: same mass, same
charge, ... Classically they are distinguishable by their position. In quantum mechanics

this is not well defined.
Example 5.1. Scattering

1. Classical

x x
P P
1 2

Figure 14: Classical scattering
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2. QM

Figure 15: QM scattering

The two end states can be distinguished, in QM, particles are initially distinguished,
but not after scattering.

More formally:

Exchange degeneracy

Two identical particles H = h; ® hy, hy = hy = h ONB (orthonormal basis) of h: |k)
with k = (ky, ko, - - - ) eigenvalues of complete set of observables O. Exchange operator:

Tip : k) ® |ky) = |Ky) ® |Ey)
Where only the observables O with
[0,T] = 0(T" = Th») (5.1)

are experimentally accessible. Let ¢ € H with (¢|T|¢) = 0,|¢|| = 1. (for example
¢ = |k) ® |k) with £’ # k) Then we have

U = ag+ BT, |af* + |6 = 1 (5.2)
These states are indistinguishable for observables with (same expectation values
etc.). This is called exchange degeneracy.
Boson-Fermion alternative
Note that since
T =T,T*=1

we can compose into eigenspaces

H=H, @H_,T| =+1s, (5.3)
Ht

Law of nature: Not all states in H are allowed. Only:
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e Bosons: states in H
e Fermions: states in H_
This means that identical particles have smaller state spaces. We will see many conse-
quences of this.
Spin-statistics correspondence
In relativistic QFT, in dimesion d > 3 4+ 1 one can approximately prove, that
e integer spin/helicity <+ bosons
e half-integer spin <> fermions

using the understanding of 7' as physical (spatial) exchange of particles. In lower
dimesions, how many ways to exchange particles on spatial paths

e 3+ 1: one way up to deformations of path

e 2+ 1: many, SKETCH, would be different path exchanges different, could have
states between fermions and bosons

e 1+ 1: none

Boson-Fermion alternative does not hold in 2 + 1 and 1 + 1 dimensions.

5.2 n identical particles

S, = {Permutations of n things} = {Bijective maps on n-element sets}

e S, is a group wrt. concatination of permutations:

(P - Py)(z) = Pi(Pe(x)), with P, P, € S,

e every finite group is a subgroup of some S,
Notati 1. S,5P= L 20 ™) (where P(i) €1,2,--n)
otation. . Sp =\ryp@) -+ P where P(i ,2,--0m
2. P =(12)(3)---: Cycle notation, by considering P, P?, P3, - -
Special case: Transposition T;; = (ij) = (1 LA n)
1 ... ] o .. Z o .. n
=P;;

Definition 5.1 (Signature). The signature is an important property of permutations

sign(P) = (—1)'®@ (5.4)

with I =[{(z,y) € 1,2,---n” 2 <y, P(z) > P(y)}|
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Lemma 5.2. 1.
sign(P) = (—1)T® (5.5)

where P = P, ;, - F;

2j2 "

T(P)transpositions

2. sign is a group homomorphism:
sign( P Py) = sign(P;) sign(P) (5.6)
State space for n identical particles
State with
H=®,_1h
with {|k)} a basis of h as before.

Nota/tl.on. ’E1> ® tt ® |En> = |E17 o En>

Important subspace of H

Let n=> " n;,n; € Non; #0 ,---1,, with [; # [, for i # k (I, are the numbers that
describe a physical state). Then we define

H(”la lla e 7nmal

m

)= {Jky,- -+ k) [ne many of the ks are equal to L} (5.7)

Then dim H(n4,l;,---) = exchange degeneracy for the “physical” state nily, - - npnl,,
S,, acts on H:

I(P) k) ®---®|k,) = ‘EP(1)> Q- ® |EP(n)>

Lemma 5.3. II(-) is a unitary representation of S,. For identical particles, we must
have

[II(P),0] =0VP € S, (5.8)
, in particular for O = H, the Hamiltonian.

Lemma 5.4. II leaves the H(ny,(;,- - - ) invariant.

(Anti-)symmetrizer

S = % > I(P) and A = % > sign(P)II(P) (5.9)

Pes, " PES,
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Lemma 5.5. 1. S and A are projections

ST=85%=Sand AT = A A*= A (5.10)

2.
I(P)S = STI(P) = S (5.11)
TI(P)A = AII(P) = sign(P)A (5.12)

Bose-Fermi-alternative: Not all states of H are allowed, only

H., = SH for Bosons
H_ = AH for Fermions

5.3 Fermi- and Bose-Einstein statistics

Fermi-statistics: Obtain ONB of H_ by anti-symmetrizing states of H (n1,l;,n2,ly, - )
[Remeber: Taake n; # 0 in our notation].

Lemma 5.6. 1. if ny > 1 for some 4, then AH (ny,l;,...) =0.

2. if all n; = 1, then there is a unique (up to normalisation) anti-symmetric state in

H(m, by, )
\/EA |le£27 s 7£n> (513)

is a normalized representative.

Proof. 1. Let b € H(ny,ly,...) beof the form ) = ..., ¢ ,..., & ,>

k l
Then TI(Pyy)Y = 9, thus AII(Pyy)y = A, but because (5.12): AI(Puyy)y =
—Av
= Ay = 0. If n; > 1 for some i, then all states in H(l;,nq,...) are linear
combination of states of the above form (for various &, ).

2. Uniqueness is obvious. Check normalisation

1 _ .
AL, L, ) ||2 = (n!)2 Z sign(P)sign(F’) <£P(1)7lP(2) ‘LP’(l)aLP’(2)>J =
PP 5;;,
1 . 5 1
()2 Z (signP) o
P

gives normalisation of ((5.13))

67



Remark. 1. First statement gives Pauli-exclusion-principle!
This helps to explain the structure of atoms: For atom with n electrons:

o H=(LXR%®C)™"
o K =(n,l,m,s)

e Neglect interactions between electrons: H(nq,l;,...) eigenspaces of energy.

e Lemma says: all n have to be 1.

Bose-Einstein-statistics: Consider symmetrization of H(ny,l,...)

Lemma 5.7. There is , up to phase, one normalized totally symmetric state in H (n, 1, ... ):

n!
ms él?ll;all}é27l2;a£2}> (514)

n1times natimes

Proof. Uniqueness up to phase:

But because (5.11]):

St =Y epSI(P) ) =S|l by byl oy
P T —_—— ——

So that shows uniqueness up to phase. Normalisation:

1
IS 1y, loy o PP = ()2 Z (Lpaylp@ys - |Lprays Lprgays )
PP
1 (ni)(na!) ... (nm!)
= ! ! N =
=y Z(nl)(nQ) oo (ng!) = oy
P
which constitute normalisation of ([5.14]) O

Remark. Note that in both, Fermi and Boson case, exchange symmetry is removed.

5.4 Fermi and Boson gas

n identical particles, weakly interacting:

Ho> "l iy =1010--@h®1l®-- @1 (5.15)
k=1
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with A the Hamiltonian for one particle. Denote F,, , m € Ny spectrum of h. For

simplicity, assume non-degeneracy. Then spectrum of H is

E:anEk, nkZO, an:n
k k

Now allow energy exchange with heat bath. Expectation values are governed by density

matrix

Consider Fermions first:

) = 2o uexp (=B mB) 10 (Z(8))

2, 8XD (=B k) B OF,

where ) is over (ny,ng,---) with n; € {0,1} , > . n; = n.

Definition 5.2.

Ze(N)= Y e Pz
n:ng=0,>, =N

Then:

e‘ﬂE’“Zk(n — 1)
Zn(n) + e PEs Zp(N — 1)

() =
Now treat N as continuous variable, and Taylor (n > 1) expand:

In (Zk(n —1)) = In(Z(n)) — oy with ay =
or Zy(n —1) & Zp(n)e

on

Furthermore, assume that aj ~ «. Then

1
() = cotBE: 1 |

with « given by
> (mi) =
k
Similar calculation for the Boson gives

1
() = —5m — 1
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For high temperature (small 3) behaviour is similar. For low temperature very different
behaviour.

a+ BE

Figure 16: Fermi-Dirac and Bose-Einstein distributions

5.5 Fock space

Often it is useful not to fix the particle number. As before, we have h the one particle
Hilbert space and H, := h®" H2 = AH,, H> = S H, the Hilbert spaces for n (identical)
particles. Let’s agree that

Ho=Hi +Hy =C (5.20)

, then we get

F(h) = @7—[“ Fock space
n=0

Fs(h) = @Hi Bosonic Fock space (5.21)
n=0

Fa(h) = @ H2 Fermionic Fock space

n=0

the Hilbert spaces for arbitrary numbers of particles.
e states in different n-sectors are orthogonal
e linear combinations of states with different particle number possible
There are two ways a operator in h can operate in F.(h):
1. B operator on h, then I'(B) is an operator on F.(h) by

I'B)l =B®---®B (5.22)

H, A
n n-times

and linear extension. This is well defined as [A, B®"] = 0 = [S, B®"].

Remark. T(BC) = T(B)I'(C),T(B)" =T'(BY) , etc.
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2. dI'(B) operator on F.(h) via

dr'(B)

-Nl® 1® B @l---01=9Y B 5.23
W el 2 029

Remark. if we set F(B)‘

w, = 1, d0(B)|,, =0

[(e'B) = B (5.24)
Ezrample 5.8. e Non-interacting particles, one-particle Hamiltonian h:

— dI'(h) = Hamiltonian on F.(h)

— (™) = time evolution op. on F.(h)
e Number operator:
N = dI'(1,) (5.25)

The observable corresponding to particle number. n-particle space H,, are eigenspaces
of N:

kernel of N is Ho “Vacuum”

Remark. T' in particular and also the whole formalism in general is sometimes called

“second quantization” Many interesting operators on F.(h) don’t come from operators on
h!

Creation and annihilation operators

From now on F.(h) = {Fs(h) Fa(h) with

f(h) = U = (\110,\1/17\112, ) with \I[k € Hk:
Thus for p € h

at (@) (Wo, Uy, -+ ) = (0, W), W), - ), with ¥}, = VES(T,_; @ @) (bosonic)  (5.26)
@) (o, Uy, -+ ) = (0,0, W, ---), with ¥}, = VEA(T,_; ® @) (bosonic)  (5.27)

These create a new particle in state ¢, in each sector and are thus called creation operator.
Indeed we see, choosing some ONB {¢;} of h (i <> k, [ from before), denote for > . n; = n,
allowing n; = 0,

\nl,ng, . > ceH,

n
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the normalized state from lemmas, (5.13)) and (5.14]), then

a'(@i) In1,ma, -+ Yg = vVni + L, - nimg,ng + Lngger, - )

CT(%‘) |n1,n2, e '>A = (1 - nz) (—1)2’““ " |n1, coemyo,ny + 1nggg, e ')A

And the annihilation operator is the adjoint of the creation operator:

Remark. Annihilation op. is anti-linear in ¢. Also one can workout that

1 n
a(so)S(v1®~-®vn):ﬁz(w\vwhS(vl®vg®~-®>(®~-®vn) forn > 1
k=1

alp)] =0
Ho

(5.28)
and for ¢(p)

1 n
(P)A(1 @ - ®u,) = 7 (1" {plon)y A1 @12 @ - @B R -~ @ vy) for n > 1

k=1
a(p)l =0
Ho

(5.29)
As always ¢ € h. in the occupation number basis (wrt. ONB {p;})

a(pi) [n1,no, ) g = Vi [na, - s, mg — 1 nig, - ) g

5.30
(i) [na,ma, -+ ) 4 = n (—1)2’““ ", ng = Lm0 4 (530
One can work out commutation relations
[a(p), a()] =0 = [a' (), a'(¢)] (5.31)
[a(p), a"(W)] = (p] W), Lr,n)
and for Fermionic fock space one has
(c'(9))" =0 = (e(9))? (5.32)
eli), (W) =0 = [el ().l (V)] 5

{ee), (D)} = (¢l V), Ly
with {-,-} the anti-commutator ({A, B} = AB + BA)
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Example 5.9. (mathematical) harmonic oscillator H = [?(C) = Fg(C), a,a’ the usual
annihilation and creation operators.

Remark. We can write dI in terms of a, af

dU(B) = (¢l Ble;) a'(i)ale;) (5.34)

2%
This leads to the term “second quantization”.
Ezxample 5.10.

h = % + V (&), ;i — 62(-) and aT(ég) = ol (%)
Then
H = dT'(h) = /d?’xaT(f) <2p—m + V(f)) a(7)

looks like “(h)_”. But a(Z) is nor operator, nor a wave function — “second quantization”!

6 Relativistic Quantum Mechanics

In this chapter, we set

e c=1
e Space-time indices p,v,---=0,1,2,3
e spatial indices a,b,¢,---=1,2,3

and use the einstein summation convention
where the position of the spacetime indices matters!

6.1 Short review of special relativity

e Newton: Theory of mechanics: Form-invariant under Galilei-trafos
o Mazxwell: Theory of electro-dynamics: Form-invariant under Poincaré-transformations

e [instein: Relativistic mechanics: same as e-dyn.

The essence of special relativity (SR) is the Form-invariance of physics under Poincaré-trafos.
This means that there are no prefered inertial observers.
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Definition 6.1 (Coordinate changes). z# — 2/#(x) induce changes in components of

physical quantities. One simple class are tensors

B Ox'™ Ox'tm  HpPr OxrPr e

, 7“. m / DY .« ..
T“l " (l’) - 8$a1 817&7” axlul 093’”*1 B1-Pn (:L‘)

Vi, Vn

ozr' Oz

Partial derivatives 57, 5% are inverses, as matrices:
ox'™" Oz i oz OxP 5
= an =
ox® Jx'v Y oxv Ox'M v
Also note
0 ozx®* 0

ox'* - ox'* Oz

Definition 6.2 (Poincaré trafos).

't = A ¥ + o
with arbitrary shift a* € R*, and A st.

A% A g1a = Mg
where

n= dlag<_17 17 17 1)

(6.1)

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)

The physical interpretation of the form invariance is the change of the inertial observer.
The technical reason for the form-invariance: The geometry for the laws of nature is
provided by metric . Poincaré-trafos are precisely the coordinate transformations that
have form-invariant (“isometries”). Trafos form a group called Poincaré-group

P(3,1) (actually: (matrix) Lie group). Lie algebra of P(3,1)
p(3,1) = {(w",,t%) € M(4 x 4,R) x R* |w" = —w"}

where

wh N’ = wh and w10 = Wa, with n* = (p7)" = diag(—1,1,1,1

with the Lie product between
e w’s: matrix commutator
o t's: [t 1] =0

o [wt] =w-t (wt] =1, with ' = w§t’ and [t,w] = —wt)

(6.7)

Trafos with o = 0 from a subgroup, Lorentz-group O(3,1), with Lie algebra just

consisting of the w’s, i.e. t =0 in (6.7).
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Relativistic mechanics

One defines the 4-velocity of a particle

S
dr

with 7 the proper time (ie. n-length along the world line [trajectory in 4-dim space] of

the particle)
dz

d
T VTR, = —

dt
dzt dxv
T= [ dt\/ —nuw + const

dtdt
Additionally the 4-momentum

B [T
P = mut = pl,

which can be interpreted p* = (E, p). Thus as u*u, = —1, we get

m? = B? —

Hamiltonian form of particle kinematics

From the action

m v
S:—m/dT:—m/dt _nuydditddit

we can read of the Lagrangian, and then we get the Hamiltonian

-

H = ]52+m2(%m+p—f0r]32<<m2)

2m

Coupling to EM fields gives an additional term in the action

S — _m/dr+q/dm“z4ﬂ(x(7))

which leads to a modified canonical momentum
P = Pl + g A"

and the Hamiltonian

H:\/(ﬁ—qzéf)2+m2+qA0.

This yields the EOM

dPxins
dr
with the field stength tensor F' of the EM field

F,=90,A,—0,A,.
Equation (“mass shell condition”) becomes
m? = (E —qA%)" — (p'— qA)?

= gF"u,
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6.2 Some representations of P(3,1) and O(3,1)

Let ¢(x) be some n-component field or wave function. Representations of P(3,1) on
{o(x)} given by

(II(A, a)9) () = T, (M) (A~ (z — a)) (6.13)

Here (A, a) denotes elements of P(3,1) and II,, is an n-dim representation of O(3,1).
Example 6.1. (4-)vecotor fields, such as A*(z), then n =4, II4(A) = A

Irreducible representations of O(3,1)

First we choose Irr. reps. of 0(3,1) a Basis

0 (_)T . b b 0 EZ: .
M, = G , with (e,)°. =€,”. and N, = , with (€4)p = dap (6.14)

€a €q 0

and e — {sign(P) for (abc) = (P(1)P(2)P(3)), P a perm.
abe 0 else

and indices of € are raised and lowered with ¢ (eabc = 6"%e,4.). Then we get
A(@,7) = 14+a"M, +v°N, + O(a?, #?) (6.15)

where @ parameterises a rotation and ¢ the boost velocity. We have the commutation
relation:

[Mgy, M) = —€,°M. and [Ny, Np| = €,°M, and [N,, M) = —€,°N. (6.16)

this is up to a sign in [N, N| the same structure as found in o(4) (see homework!) and as
such can do the same trick

1
Lf = 3 (M, +1iN,) (6.17)
with the commutators
[LE, L] = —€, LT and [LT, LF] = 0. (6.18)

Lemma 6.2. A, B Lie-alg., m, Hs rep. of B, then
1. A® B is a Lie-alg., via [a ® b,c ® d] = [a, ] ® [b, a]
2. Rep 712 O Hl ®7‘[2 of A @ B via ’/T(CZ D b) = 7T1(CL) RKI1I+1 ®7T2(b)

which can be proofed by simple calculation.
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Now we see 0(3,1) = su(2) & su(2). Furthermore we can show, that Irreps. of o(3,1)
are of the form 75 as above with 7, my irreps. of su(2). From this we conclude that
irreps of 0(3,1) can be described by a pair (j+,77) € (5 No)?, and

dim(mj+ ) = (257 +1)(257 +1).
Rewriting in terms of L* we find
A&, 0) = 1+(a@ — i) Lt + (@ + W)L~ + -
and
T+ ) (M@, D)) = Ljrgj- +(@ — im0+ (LF) @ Ly +(d +0) L @m;- (D7) + -+
Coefficient of @ is just
(L) @ 1+ 1&m;- (L7).
This is just the tensor product rep. j+* ® j~ of the rotation generators. So we have

Jt+iT
TG+go)| = Tj+ @ mj- = @ Tk
M k=it 5~

Ezxample 6.3. 1. w11 : 4d-rep. for the rotation subalgebra

11
272

L ® L_ 1®0

272
We recognise defining rep. of 0(3,1), with 0,1 the time- and space component of a
4-vector

A = (A°, A)

2. (1 gy and 7 1) two 2d-reps. where rotations act as in
1 1 .
3 ®0= 3 “Weyl-spinors”

3. Tl — dim.scalar

4 (LoD 7(0, 3) 4-dim. reducible rep. “Dirac spinor”

Remark. Representations of O(3,1) are complicated due to

1. (6.5) allows also for reflections, in particular parity P and time reversal 7. O(3,1)
consits of 4 components

0(3,1) = LLUPLLUTLLUPTLY, with £ = {A € O(3,1)|det A = 1, A% > 1}
2. [,1 is not simply connected It follows that IIj;+ ;- in general only a rep. for the

covering group of El. Suitable rep. for P and T has to be found separately. (Some
more remarks on this later)
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6.3 Klein-Gordon equation

Try to guess a relativistic version of the Schrdinger equation. Starting with the simplest
idea which assumes a 1-component Wave-function: II,, = II(g ) in (6.13). Now use (6.12)

together with heuristics F <> ih%, P —ihV this suggests the Klein-Gordon equation
2
m
(00— ﬁ)\lf =0 (6.19)
with
O = 0" (0, +iqAu(x)) (9) +igAy(2)) (6.20)

for the wave function ¥ of a particle with mass m. Can this make sense? (in the following

h=1)

Non-relativistic limit

The Klein-Gordon (6.19) is second order in time. So we need to specify W(to, Z), ¥(to, Z)
to have a well defined evolution. How can the Schrdinger equation emerge in the
non-relativistic limit? Let A, = 0 and then consider

o=V + %\P, P2 ="V — %\If (6.21)

Then using ¢ = (gb1> the Klein-Gordon eq. takes the form

P2
0 1 1)\ A 1 0
For slow particles, first term in Hamiltonian decouples. ¢, ¢ are wave functions for two
independent particles. For higher energy, these particles interact. Analysis with A, # 0:

Particles have same mass, but opposite charge ¢, —¢. One can interpret these as the
particle and the corresponding anti-particle.

Probability interpretation

For Schrdinger equation, had conserved prob. current
dp+Vji=0
with p = [U|°. also implies a conserved current
It =1 (\i’@“\lf — YO — QiqA“\Tf\IJ) with current conservation 0,j5" =
The density

p=j0 =i (\I/\I/ —w— 2¢qA0\In1:>
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is not positive definite. For A, = 0, then

p=2m(6:]" = |¢al*) (6.23)

Probability interpretation can perhaps be given for low energy, but not in general. So p
will be interpreted as the charge density.

Negative energy solutions

(6.19) has plane wave solutions ¥y = e *(F*=7) with
E =++/p?+m? (6.24)
Remark. We can quantize the relativistic Hamiltonian (6.11)) Then we get
HU; = BV

So (6.24) gives energy spectrum of the KG (Klein-Gordon) particles. Support of

solutions in Fourier space:

Figure 17: E(p,m) (dashed for m = 0)

Negative mass shell is physically problematic: Upon coupling to EM field, system can
emit arbitrary amounts of energy, by populating the neq. mass shell and as such the
system is unstable. But the equation is still useful for some approximate calculation and
the occurring problems are fully resolved in QFT.

6.4 Dirac equation

Looking for relativistic covariant (forminvariant under Poincare) wave equation for Spin—%
particles. We expect something of the form

¥y
U= S Horbital ® 7-[spin (625)
Wy
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which in the simplest case yields (%, 0) or (O, %) for I1,, of (6.13). The first idea OV —
m?¥ = 0, but this would just be a couple of KG particles and as such would have the
negative energy problems.

The second idea is to try a first order equation
0,¥ = 0.

Here we would get too many equations such that the equation is not physical. So we get
the idea to contract J, over p with something. For this we can show:

Lemma 6.4. Let
ot = (]]_2><2,53> ot = (ﬂ2><27 _O_:) (626)

with (7), = ¥, = the a Pauli matrix. Then we get

o if U transforms under (%, O) = 0"0,V¥ transforms under (O, %)

,0)

1

, 2) = 00,V transforms under (

e if U transforms under (0

N[ =

Proposition 6.5.
c"0,¥p =0 or "0,V =0 (6.27)
where Uy transform under (O, %) and ¥ under (%, 0). is called Weyl equation,
Vg, ¥y, are right-/left-handed Weyl spinors.
The mass term mW¥ = m 1,y ¥ transforms under same rep. as . Thus
—10"9,¥ +mW¥ = 0

is not forminvariant under P-trafos.

Remark. (6.27) seems useless to describe electrons (because they are massive!). However
in the standard model fermions are “born” as Weyl spinors, acquire mass via Higgs
mechanism.

Now we look for other options

1. (%, %) has the wrong rotation rep. % ® % =1®0

2. (%, 1): has to many components (% part): Rot. % ®1= % ® %

Could one have one equation with both, W, W, ? That corresponds to (%, 0) &) (0, l)
where we indeed find

—i0"0, Vg +m¥, =0 — 0" 0, ¥ +m¥pr =0 (6.28)

forminvariant set of 4 equations for 4 wave-functions W, Up.
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Introduce the ~-matrices:

o
I (02“ g ) (6.29)

Then ((6.28) becomes
(0, +m) ¥ = (6.30)
with U(z) = (‘I’L(‘”)> e (6.31)

Where (6.30)) is the covariant form od the Dirac equation, ¥ is called bi-spinor or Dirac
spinor. It transforms under I, = (1 O) &) (0, %) in (6.13). Sometimes one writes y*9,, = 8.

2
Coupling to an EM-field is achieved by “minimal substitution” 8 — W = v* (0, +1iqA,)
in (6.30). Basis change in spinor space changes form of v-matrices. (6.29)) is the chiral

form. Another useful form is the Dirac form, with v*, a = 1,2, 3 unchanged and

o (]120x2 0 ) (6.32)

- 12><2

Clifford relations

Basis independent property that leads to correct transformation behavior is
VY + A = 20" Laxa (6.33)

Objects that satisfy (6.33)) span the Clifford-algebra C1(3,1). The 7’s we found are a 4d

representation of this algebra. This generalizes to other dimensions and signatures.
Proposition 6.6. Only one irreducable rep. of (6.33) exists, up to basis changes. I.e.
for irreducable solutions y*, " of (6.33) there is A € GL(4,C) with y/* = Ay# A1 |

Lorentz-invariance of the Dirac equation

Consider a Poincare-trafo (A, a*), i.e.

ale
= Ab 6.34
= AL (6.34)
We want to show
(Y'Vu+m)¥ =0 (WV,+m) ¥ =0 (6.35)
knowing that
I —1\v
V.= (@A) vV,

We have not yet explicitly determined W'.
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Remark. For 4% = (A1)
VA = (AT ()5 (M7 +07) = 2(AT) (A7) = 20

Thus also satisfy , and are hence equivalent to the +’s.

(A4 = D(A)y*D(A) ™! (6.36)

Now, if we have
V' = D(A)W (6.37)
then we get
(Vo m) 0 = (3 (A1) Vo + m) DAY = D(A) (799, + m) D(A) " D(A)
=D(A) ("V, +m) ¥

Since D(A) is invertible, this shows (6.35). What remains to show is that D(A) is
(%, O) P (O, %) Can check by direct calculation of generators.

Ezrample 6.7. Rotations

b ~c 1
M*, v = 0le, " = —id) <_ (,)J . EQSO ) = 2o <_[ 0 [Ua(,)ffb])

2 Oa, Ub]

This is the “infinitesimal version” of LHS of (6.36]). If

DA, 0) = (H;(fg(éf)) Hé(;@)) (6.38)
then
| D@ epa@) = g pai@)| ==z 5)(5 o))

A= (!
with w’ a generator (i.e. wy,, = —w,,) one finds
D(A) = ez®mrm (6.39)
with
1
JH = Z[w“,*y”] (6.40)
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Remark. One can check that (6.33) generates a rep. of the Lie alg. of the invariance
group of 1, no matter what dimension or signature one has.

Moreover:
[T, 7] = A0 — 4" (6.41)

This is the infinitesimal version of (6.36)) in general. The explicit form of generators

works out to be
; 1
Jkl = —%Eklm (Obm O_O ) Jko = 5 (0(-]]C ((])_k) (642)

Remark. e can see “block structure” of (%, O) @ (O, %)

e Rotations are unitarily represented, boosts not

e (16.39) will give projective rep. of El (Extension to O(3,1) will maybe done later)

Adjoint and current

For spinor ¥ = | : |, define

\IJT:(\PT?"' >qji)

and note that

4
Iy =) |0 > 0 (6.43)

k=1

but this is not a Lorentz-scalar (but turns out to be a density):
U(x) = D(A)U(A ™ 2), Ul = UTI(A2)D(A)
and hence
U = UTD(A)D(A)T # U
But there is a workaround, we take from for f = i7" (Note: 32 = 1)
By B =", By =71
and then

By = — (6.44)
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wich finally gives

BD(A)'3 = D(A) (6.45)
and further
gt — _ g
Hence we define adjoint spinor
U =vig (6.46)

and then WV is a Lorentz scalar and
GH = Uyt (6.47)

transforms as a 4-vector and is a conserved current.
The density of this current is

30 =0y > 0.

We can deine the hilbert space
4
H=LR d°r) @ C* = P LR &)
k=1
with inner product
@) = [ dae ) (6.49)

Observables

We get the position operator from the interpretation of W1 as a probability density

xi\Ijl
U — ' = : withi=1,2,3 (6.49)
xi\lf4

More observables from the generators of Poincaré-trafos: From translations we get the
(canonical) momentum, without electromagnetic fields

Pa = —114x4 04 (6.50)

while in the presence of electromagnetic fields we get a different kinematic momentum

Dkin = <—Zﬁ — qff) Taxa
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(Here the normal (V), = 3, is meant) Rotations that do not mix components (only act
on the arguments of the wavefunction) give us the orbital angular momentum

L=Fxp

while the other rotations give us the spin. In the chiral rep. (the star above the equal
sign denotes that we are in a certain basis):

~ ok 1 53 0
s21(70) 651

Now we can see explicitly

o 1/1
S? = 5 (54—1) Taxa

Energy can be seen as the 0-component of p,, where
Pp = —i Laxa O
We can give a direct expression via the Dirac equation
10V = HU
for solutions ¥, with
H = —i@vV + fm, ao®=iBy" (6.52)

the Dirac Hamiltonian. In the Dirac Basis it is given as

H * (m Loy 523 )

ap —m Layxo

Plane waves

Due to (6.33) (here V = 0 £ igA gauge invariant derivative)
(RW=m) (X+m) =04 —m? (6.53)
we have
(R+m) U =0= (04 —m*) ¥ =0. (6.54)

Each component of W fulfills the KG equation. Now for ¢ = 0 or A = 0 we take the
ansatz

U = yge'tnt” (6.55)
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where in view of (6.54)), we set

ko = £/ k2 + m2. (6.56)

Now we want to choose u; such that ¥ becomes eigenstate of H:
HV, = BV,
U\ . . . : .
For ¥ = v the Dirac basis, this requires (L for long (slow) and S for short (fast))
s
Enyp = mur + poug
Eng = —mugs + pouy,
Combining the equations one finds (E — m)(E + m)uy = (p5)” uz, and using
(@) (87) = (@) Laxa+i (7% B) & (6.57)
one finds
B2 —m? =
Consistent with (6.56)) and , fixing u, we get
po

:E—i—m

—

Without further conditions, so fixing p(= k), solution space is 4-dimensional (C), 2-dim.
corresponding to positive and 2-dim. to negative energy

Us ur,. (658)

E = ++/p? + m?

u

Ezxample 6.8. p= 0, then for £ = +m, ¥ = (0

) e~ What is the meaning of u?

- 1z )
Remark. SU = <2<5u) e~ imt

So u is giving the spin-state of the particle at rest. Also note that for p=0,F > 0
we get ug = 0. Seems to give right non-relativistic limit. More to this later. For
p=0,E =—m (6.58) is not useful, therefore rather fix ug and then determine uy:

po

U = 0 e-i-imt
u

Apparently we have the same problem with negative energy as for KG equation.

and thus
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Dirac Hypothesis

Dirac equation describes Fermions. If all negative energy states are occupied: No decay
and no instability possible.

E

¢ can not decay
m =+

all levels occupied

Figure 18: Energy level occupation

Remark. We need to “renormalize” charges of vacuum. Additional benefit, we can
describe positron in this picure:

Figure 19: Missing energy level

Unoccupied negative energy state
e effective charge —q
e cffective positive energy

We can even describe pair creation and annihilation
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o [ -
m -+ m +
0 R
e”, e’ creation
_m 4 _m —_+
0 o0t
e L]
o0 o0

Figure 20: Electron, positron pair creation
Still the even more convincing description is in terms of quantum field theory!

Non-relativistic limit

Hamiltonian of non-rel., spin % particle in a magnetic field:

p%A —
H=—""-B()-M
5~ B(T)

where M is the magnetic dipole moment of the particle. For elementary particles:
= q =
M=g—S 6.59
95, (6.59)

where g is the gyromagnetic ratio (or g-factor).
For extended charged rotating object:

M:/fx(wxf)g(“)d%

If charge-density p and mass-density p,, have constant ratio, then (6.59)) holds, with g
depending on 7)%, with g = 1. Measurements show that g. ~ 2.002, not easily explained
by the above formula. Consider the non-relativistic limit of the Dirac equation, with

A(x) = (0, A(x)) (Details — tutorial).
State with energy F = m + Eng. In Dirac basis, to leading order in Fyg:

ENrYL — OPkints = 0 (6.60)
with pkin = (—25— q/f(f)) (6.61) gives

1

Vs = %Cﬁ%nlh (6.62)
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shows that g is suppressed by factor B < ./%. This relation in

2 g = =
(2’f—”: — 2%5 : B(a:)) Y, = Enrir (6.63)

where we have used that:
(3 Prin)® = P Lox2 — 43 - B(x)
Comparison with non-relativistic Hamiltonian shows and Dirac equation predicts:
Ge = 2

Remark. Could have started with £ = —mEyg. Obtained (6.62)), (6.63]) with g <> 1p.
Negative energy solutions also present in non-relativistic limit.

Chiral-projector: Decomposition of Dirac spinor into Weyl spinors is manifest in chiral

gauge:
o @DL b 0 ot
V= <7/JR TEe o
it has
(V)" = Laxa, {2°7*} =0 (6.64)
where

(v)- ()

span the eigenvalues. Projector on the eigenspaces:

1
P, = 3 (1++%) (6.65)
Basis independent det.:
75 = —iy%y14243 (6.66)

Why the name v°? ([6.64]) shows that (v#,~°) is a representation of Cly;;(C). In former
times, indices run from 1, ...
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Connection to parity: What is action of P on spinors? Have:

PA(&,0) = A(d,0) P
PA(0,7) = A(0,—7) P

Which implies for the generators
PNP'=_-N, PMP'=M
and hence:
PLEP' = L*
Thus natural action of P on spinors:
(P)Peip(Z,1) = Peip(=1, 1)
Can see from considering chiral basis

II(P) =~°

(6.67)

(6.68)

Physical Significance: Parity relation in standard model (experiments by Wu et al.).
Result from asymmetric coupling of the gauge-fields to 11,9 r (electroweak interaction).

Sketch: Kinematic forms

U (8 — qA)vr + Yrdir

6.5 Connection to QFT

Idea: KG equation.

1. Define Hilbert space by restricting to subset of wave functions.

2. Going to many particle picture (Fock space)

will get QFT. Define: For f, g solutions to KG equation

(f,9)ke = Z/ (f0°g — f8°g)|,_, 4z

Look at:

pFiwpttikd

L1 1
3

Restrict to solution such that (-, -) k¢ positive

h:{f:f(]gg}:),<f,f>;((;<oo}



Many particles:

Many particle Hamiltonian:

H=dl'(h) , h= /P +m?

Annihilation and creation operators: For eg “basis”

[a,—g—, a;,] =60 (E — k?)

Then:

H = /d3k\/ k2 4 mQaIEaE

positive spectrum.

Define ®(z) = a(x) + a'(z) Can obtain ® from quantifying field theory with action

S = /d%% [8”¢8“¢ + m2¢2}
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